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Chapter 1

Introduction : motivations and
relations to other fields

Algebraic K-theory can be viewed as homology theory for rings. It consists in a family of functors
K, : Ring — Ab, vn eN

thar “behave like” homology of spaces. During this semester, we will study Ky and Kj.

1.1 K,
The idea is due to Groethendieck (1958) :
C IsoC K(C) € ObjAb
a category isomorphism classes of C Groethendieck group of C

We will apply this general construction to C = Z?(R), the category of “nice” modules over the ring
R. If R is a field, Z(R) is the category of finite-dimensional vector space over R.

P(R) — Iso Z(R)

K(Iso Z(R)) = Ko(R) .

1.1.1 Motivation from linear algebra

Let IF be a field and #4~> be the category of finite-dimensional F-vector space. We have a bijection

dimp : Iso %~ — N
V] —> dimg V

since V =2 W iff dimg V = dimyg W. Moreover :

lel[[r(V@W) = dimy V + dimp W
Vevwe2w = Vew=V eow.

So :



1.1. K

e @ induces a binary operation on Iso ;=% : [V] + [W] = [V & W],
But (N, +) is not a group, and we’d rather work with groups.

d
Iso ¥4~ e N
[ | [
Ko(F) — > 7

1.1.2 Generalisation to arbitrary ring

Let C be the category of “nice” R-modules and A be an abelian group. A fonction d : IsoC — A
is a generalized rank (or dimension ) if :

d([M] + [N]) = d([M]) + d([N]), ~ V[M],[N] €IsoC.

Ko(R) is the target of the universal generalized rank, i.e. 3dg : Iso Z(R) — K(R) such that
every other generalized rank d : Iso #(R) — A factors uniquely through dp :

Iso Z(R)

So Ko(R) captures all “dimension type” information about R.

1.1.3 Relations to other subjects

e Number theory : Let R be a Dedekind domain (very nice commutative integral domain) and
let CI(R) be the ideal class group of R (measures how far R is for being a principal ideal
domain). Then Ky(R) = Cl(R) @ Z.

e Representation theory : Let F be a field of characteristic 0 and G be a finite group. Consider
the group algebra F[G]. Then K (F[G]) = charp(G), the character ring of G over F, where an
F-character is a composition :

P tr

G GL,(F) — % F

Notice that tr also preserves sums !

e Geometric topology : Let X be a connected topological space. Question : When does there
exists a finite-dimensional CW-complex Y such that X ~Y ? Awnser (Wall, 1965) : Iy €
Ko(Z|mX])/Z, the finiteness obstruction, such that ¥ = 0 iff X ~ Y for a finite-dimensional
CW-complex Y. This is a purely algebraic awnser to a topological problem !

“Douglas Adams said that the awnser is 42, maybe it’s Ky.”

Prof. K. HESS-BELLWALD
21/02/2013
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CHAPTER 1. INTRODUCTION : MOTIVATIONS AND RELATIONS TO OTHER FIELDS

1.2 K,

K is motivated by the notion of determinant, a multiplicative invariant.

1.2.1 Motivation from linear algebra

Let IF be a field. Then
det : GL,,(F) — F*

has the property that

det(AB) = det A - det B,
det(EA) =det A,

where A, B, E € GL,(F) are matrices and E is an elementary matrix.

1.2.2 Generalisation to arbitrary ring

A generalized determinant consists in a group G and in a family of maps {0, }nen+ where §,, :
GL,(F) — G satifies :

e the following diagram commutes :

GL,4+1(F)

GL,(F) ¢
k A
G

GL,,(F) — GLy1(F)

A0
A%(O 1).

e 5,(F) = 1g, where E is an elementary matrix.

with the inclusion

e 6,(AB) = 6,(A)0,(B),

Ki(R) is the target of the universal generalized determinant, i.e. 3§ : GL,(R) — Ki(R) a
generalized determinant such that every other genaralized determinant 4, : GL,(R) — G factors
uniquely through §% :

512
GL,(R) —— Ki(R)
\ iH!fn
On M
G

So K1(R) captures all of the “determinant type” information about R.

Prof. K. HESS-BELLWALD 7



1.2. K,

1.2.3 Relations to other subjects

e Geometric topology : Let f: X — Y be a homotopy equivalence of finite dimensional CW-
complexes. Then f is a simple homotopy equivalence (given by composing particular elemen-
tary homotopy equivalences) if the Whitehead torsion of f : 7(f) € K1(Z[mY])/ (£l,mY)
is 0. Another purely algebraic awnser to a topological question !

Prof. K. HESS-BELLWALD 8



Chapter 2

Ky and classification of modules

2.1 Definition and elementary properties of K|

2.1.1 Group completion

2.1.1 Definition (Semigroup). A semigroup consists of a set S together with an associative
binary operation

SxS§S—S
(s,8') —> sx 5.

Homomorphisms are defined in the obvious way. The category of semigroups is written SGrp .

2.1.2 Examples. 1. Any group has an underlying semigroup. We have a forgatful functor
Z : Grp — SGrp.

2. (N*,+) and (N, ).
3. (Iso #:~>°, +).
4. Let X be a set. Then (£(X),N) is a semigroup.
2.1.3 Remark. dimg : (Iso %~>°,+) — (N, +) is a homomorphisme of semigroups.
How to turn a semigroup into an abelian group in a natural way ?

2.1.4 Definition (Group completion). A group completion of a semigroup (S, ) consists of an
abelian group A together with a homomorphism of semigroups f : S — % A such that VB €
Obj Ab, every semigroup homomorphism g : § — % B factors uniquely through f :

S f w A
=
x ‘3.9
v
B

2.1.5 Remark. If the group completion of S exists, then it is unique up to isomorphism.



2.1. DEFINITION AND ELEMENTARY PROPERTIES OF K,

2.1.6 Definition (Free abelian group). The free abelian group functor is given by :
Fap : Set — Ab

X+— P za
rzeX

<X i) Y) — (FAbX FA*b>f FAbY>
where

FAbleAbX —)FAbY

meazr—> Zmzf(z):z Z my | y.

z€X zeX yeY \z€f~1(y)
2.1.7 Remark. The functor Fay, satisfies a universal property : VA € Obj Ab every set map f :
X — A factors uniquely through ¢ : X < FapX :

X‘;’FAI)X

EN
A
2.1.8 Theorem. There exists a functor (—)" : SGrp — Ab such that (S,*)" is the group
completion of S.
Proof. We can define group completion by :
(Sv*)/\ :FAbS/<S*S/757‘SI | 575/ €S>

For convenience, we note D = (sx s’ —s—s"| 5,8 € 5), so (S,%)" = FapS/D. We need to show
the universal property. Let (A, +) be an abelian group and f : (S,*) — % (A4, +) be a semigroup
homomorphism. Define

71 (8, %) — (S, %)"
s +— [s].

By the universal property of Fap, E”}TI FapS — (A, +) such that

S
(4, 4)
i.e. f(s) = f(s),Vs € S. Observe that we have
Y
s s o
S L FA‘bS T //(S, *)
Af .
f v - 3Af <= kermr=D Ckerf
(4, +)

Prof. K. HESS-BELLWALD 10



CHAPTER 2. Kq AND CLASSIFICATION OF MODULES

We have
flsxs' —s—58)=flsxs) = fls) = f(5)
= flsxs") —f(s)— f(s)
——
=f(s)+f(s")
=0.
So kerm = D C ker fand (S, *)" satisfies the universal property. O

2.1.9 Properties. 1. Vw € (S, )", 3s,¢ € S such that w = [s] — [t].
2. If (S, ) is abelian, then

[s'] <= 3Ju € S such that s*u = s *u,
(b) [s] =[] =[s'] = [t'] <= FJu € S such that st/ xu=s"xtxu.

A
B
N—
)
Il

Proof. 1. Let w = Y7 | wi[s;] where p; € Z* and s; € S. Let {i1,...,i5} = {i | pi > 0} and
{jla cee 7jl} = {Z | i < 0} Write

k l
w=Y i, lsi,] =Y i)
v=1 v=1

l

IR I

v=1

N spag, | [ ol | g, |
= |:8i1 * * Sik :| |:S]1 * * sjl .

2. (a)
< : One have
sku=sxu = [sxu]=[s xu
= [s] + [u] = [s'] + [u]
= [s] = [¢].

= : One have that [s] = [¢'] = s—s €D = ({xt' —t—t' |, €8), ie Ty, € Z*,
3t;, t; € S such that

n
s—s :Zui(ti*tg—ti—t;).
i=1

Let {i1,... ik} = {i | u; > 0} and {j1,..., 5} = {i | u; < 0}. Write
l k k !

S+ > g (i, <8+ Y, (b, +5,) ="+ i, (ti, x5, + Y g, |k, +t5,)-
v=1 v=1 v=1 v=1

This is an equation un FapS. It follows that in .S

5% (t), *t;l)lujl‘ %ok (L *t;l)‘“ﬂ'll *ti{ln % (tgl)ml **tf‘k’k " (t;k)mk

_ S/ % (ti1 *t;1)|m1\ Koo e ok (tik *t;k)\mﬂ *t;‘lh " (t;l)”h *...*t;‘ljz % (t;l)wl-
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2.1. DEFINITION AND ELEMENTARY PROPERTIES OF K,

Since S is abelian, we have

(tj, * t;l)“‘jl‘ ook (g, x t;-l)‘“jll * tfl” s (TG )i - x tfk’“ * (t;k)‘”k

= (t;, * t;l)‘#i1| ok (b, t;k)““k‘ % tétljl % (t;-l)“-“ Kok t;n « (U )1
u.

Ji

and therefore s x u = s" * u.

(b) We have

[s] = [t] = [s'] =[] = [s]+[t'] = [s] + [1]
= [sxt'] =[s xt]
—> Ju € S such that st xu = 5"t xu.

2.1.10 Examples. 0. (0,*)" = ({0}, +). There is two ways to see this :

o Fapd = ({0}, +),

e use the universal proterty :

A% Sx S — S:(s,5) —> s*xs =s. Then, ({s},*)" = ({0},+) because in

1. S ={s
x)", [s] = [s * s] = [s] + [s], whence [s] = 0.

{s}

2. More generaly, is s * s = s, Vs € S, then (S, x)" = ({0}, +). For example, if X is a set, then
(2(X),M" = ({0}, +).

3. (N, )" = (Z,4).
4. (N*, )N = (Q1, ).
2.1.11 Remarks. o (S, %) = (T,%)" does not implies (S, x) = (T, *).

e v: (S, %) — (S,*)" is non necessarily injective.

2.1.2 Elementary module theory

See at http://wiki.epfl.ch/alg-kthy-2013/documents/Elements_of_module_theory.pdf.

2.1.3 Grothendieck groups

A construction closely related to group completion.

Prof. K. HESS-BELLWALD 12
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CHAPTER 2. Kq AND CLASSIFICATION OF MODULES

2.1.12 Definition (Grothendieck group). Let R be a ring and % be a subcategory of RkMod (left
R-modules) such that Iso% is a set and 0 € Obj%. Then, the Grothendieck group of % is
defined as

Kocg = FAb(ISO%)/E,

where

E = (M — L — N | There exists a short exact sequence in ¢ : 0 = L — M — N —0).

In other word, if 0 = L — M — N — 0 is an exact sequence in €, then [M] = [L] 4+ [N] in Ky%.

2.1.13 Remark. If € is closed under direct sum @, then VL, N € Obj %, there exist a short exact
sequence 0 > L - L& N — N — 0 and so [L @& N| = [L] + [N].

The key universal property here can be formulated as follows :
2.1.14 Definition (Generalized rank). Let € be as above. A generalized rank on % is a function
r:Iso4 — (A, +)

where (A, +) is an abelian group, such that r(M) = r(L) 4+ r(IN) for every short exact sequence
0—-L—+M-—=N—=0in%.

2.1.15 Proposition. Les % be as above. There is a well defined function d¢ : Iso 4 — K% that
is a generalized rank and universal, i.e. every other generalized rank r : Iso4 — (A, +) factors

uniquely through de¢ :
\

(4, +)

Iso¥®

K%
ER

Proof. Let d¢ be the following compsite :

L ™

Iso ¥

FAb(ISO cg)

FAb(ISOCg)/E = K()(g

It’s a generalized rank because for all short exact sequence 0 - L - M — N — 0 in €,

= [L] + [N]
= deg (L) + de(N).

It’s universal because for every generalized rank r : Iso4 — (A, +), we have

ds
Iso®€ Y Fap(Iso¥) p- K¢
37 o N
r v - J"r < kermr=FE Ckerr
(A, +)

Prof. K. HESS-BELLWALD 13



2.1. DEFINITION AND ELEMENTARY PROPERTIES OF K,

Suppose 0 =+ L —- M — N — 0in €. Then

"M —L—N)=7r(M)-7(L)—7(N)
(M) —=r(L) = r(N)
(L+ N)—r(L)—r(N)

Il
o 3 3

Relationship with the group completion :

2.1.16 Proposition. Let ¥ be as above and suppose that VL, N € Obj % we have L& N € Obj¥
(i.e. % is stable under direct sum &) and that L < L& N, L&® N — N are morphisms of . Then
there exists a surjective homomorphism (Iso ¢, ®)" — Ky%.

Proof. (Iso¢,®)" = Fan(Iso¢)/D where D=(L&®& N —L— N | L,N € Obj¥). So D < F since
there exists a short exact sequence 0 - L — L & N — N — 0. Therefore, there exists a surjective
homomorphism

(ISO €, EB)/\ = FAb(ISO%)/D — FAb(ISO%)/E = Ky%.
U

2.1.17 Examples. 1. Let € = (R), the full subcategory of finitely generated simple R-

modules. If M is simple and is 0 — L % M — N — 0 is exact, then, since 7 is injective, one
has L = j(L) which is a submodule of M. Therefore, either

e j(L) = 0 which implies L =0 and M & N :

o~

0—-0—M=N—0,
e j(L) = M which implies M = M and N =0 :
0= L5 M—0-0.
So E=(M]—[M]|MelIso%)=0and

Ko.#(R) = Fap(Iso #(R)).

2. Let R be aring and Z (R) be the full subcategory of free and finitely generated left R-modules.
If R has a invariant basis number (or IBN) (i.e. two isomorphic free modules have the
same basis cardinality), then we can calculate K¢.%# (R). Any free module has a well defined
rank : if X is a basis of M, then rank M = X . In fact, we even have a well defined function

rank : Iso.Z(R) — Z
[M] — rank M.

This is an example of a generalized rank. Given 0 - L - M — N — 0, an exact sequence
in #(R). It splits since N is free, so M = L @ N. If L is free of basis X and N of basis Y,

Prof. K. HESS-BELLWALD 14



CHAPTER 2. Kq AND CLASSIFICATION OF MODULES

then M is free on basis X I Y. Si rank M = rank L 4+ rank N, and it is a generalized rank.

Consequently :
d7(r)
Iso.Z (R) KyZ(R)
\ kﬂ'?
rank
Y/

In fact, 7 is an isomorphism :
Surjectivity : If n > 0, then rank R®" = n and 7(—[R®"]) = —n.
Injectivity : R has an IBN.

rom exercise set 3, if R is commutative, then it has a IBN. So, if R is commutative, then
KoZ(R) = Z.

3. Let #(R) be the full subcategory of finitely generated projective left R-modules, and note
KoR = KoZ(R) (the 0th algebraic theory group of R). Then

o P(R) is closed under @. If P and @ are projective, then 3P’, Q" such that P & P’ and
Q @ Q' are free. Then (P @ P') @ (Q @ Q') is also free and P @ @ is projective.

e The homomorphism (Iso Z(R), ®)" — K¢Z(R) is an isomorphism. If 0 — P — P’ —
P"” — 0 is an exact sequence in Z(R), then is splits and P’ = P @ P".

4. Let .#(R) be the full subcategory of finitely generated left R-modules, and note GoR =
Ko (R) . Usually, GoR % (Iso.# (R),®)". For instance, if R = Z, then we have an exact
sequence

0 z— 2 .z 7)pl —— 0

(p prime),

and therefore, in GoR, we have [Z] = [Z] + [Z/pZ] and so [Z/pZ] = 0. However, in
(Iso.#(R),®)", we have [Z/pZ] # 0 since VA an finitely generated abelian group, A %
A®L/pZ.

2.1.18 Remark. Why do we emphasize on the finite generation ? Because of the Eilenberg Swindle
: if € is a subcategory of gMod closed under countable direct sum, then Ko% = {0}. Indeed, let
M € Obj%. Then N = @;enM € Obj€. But M & N = N and so [M] + [N] = [N] which implies
[M] = 0.

2.1.4 Dévissage

The group K¢% can be very hard to compute ! We need tools to help with the computation. The
first we’ll see is the Dévissage.

2.1.19 Definition (Filtration). Let ¥ and 2 be two subcategories of pMod such that 2 is a
subcategory of €. A Z-filtration of an object M in ¥ is a sequence

0} =M, CM, 1 C---CM CMy=M

such that M;/M; 11 € Obj 2, V0 < i < n.

Prof. K. HESS-BELLWALD 15



2.1. DEFINITION AND ELEMENTARY PROPERTIES OF K,

The idea is that if there exists a Z-filtration in € of M, then M is “build out of” objects of Z :
e M, 1 € Obj 2 since M,, = {0},

e we have

0 Mnfl Mn72 Mn72/Mn71 —— 0

where M,,_1 and M,,_s/M, 1 are objects of Z.

2.1.20 Lemma. Let {0} = M,, C--- C My = M be a ¥ filtration in ¢ of M € Obj%. Then in
K()% :

n—1

[M] = Z[Mz/Mz+ﬂ
i=0
Proof. We have
n—1 n—1
> M /Miga] = [Mi] = [Mi 1] since 0 — M1 — M; — M;/M; ;1 — 0
i=0 i=0
= [Mo] — [My]
= [M].
O
2.1.21 Lemma (Zassenhaus). Given M’ C M and N’ C N in gkMod, then
M'—i—MﬂNg MNN gN’—Q—MﬁN
M +MON — MON+MNON  N+MAN
Proof, sketch. Define
¢:M+MON— Mﬂ]]\\g:]\]\;’ﬂN
¥ +x— [z].
o It is well defined because
P4r=y+y = 2 —y=y —-xeMnN(MNN)=MnNN.
e [t is clearly a surjective homomorphism.
e kero =M +MNN'.
O

2.1.22 Theorem (Dévissage). Let € be a full subcategory of pMod and Z a subcategory of €,
such that 0 € Obj 2 C Obj % and Iso ¥, Iso Z are both sets. If

1. for all exact sequence 0 - L - M — N — 0 in ¥ we have
MeObj2 = L,N € 0Obj 2,

2. every object of € admit a P-filtration in %,

Prof. K. HESS-BELLWALD 16



CHAPTER 2. Kq AND CLASSIFICATION OF MODULES

then
K()Cg = K()@.

Proof. Let us define two homomorphisms Ko — K% and K¢ — K2 that are mutually
inverse.

e The inclusion functor ¢ : 2 — % induces a set map ¢ : Iso 9 — €. Consider

Iso 9 Ky9
Ll w 3
d v
Iso ¥ i Ky¢

)

the map dgou is a generalized rank, so there exists a unique homomorphism 7 : K% — K% .
Moreover, 1{[M]g) = [M]¢.

e Let us define the inverse homomorphism. Inspired by lemma [2.1.20] define
r:1s06 — Ko9
n—1

M — Z[Mi/MiJrl]@

where (M;)i<n = (M,) is a Z-filtration of M in ¥.
Now we prove the following results.

e (M) is independent of the chosen filtration (i.e. r is well defined). Let M € Obj% and
suppose that (M;)i<m and (IV;)i<, are two P-filtrations of M in €. We want to show that

m—1 n—1
> [Mi/Mialg = [Ni/Nitilo
=0 i=0

We apply a technique used in the Schreier Refinment theorem, that is, build two new filtrations
of M out of (M;)i<m and (N;)i<, that are refinenments, i.e. filters further between each
consecutive pair of objetes in (M;)i<m and (IV;)i<n, to end up with two filtrations of M of
the same length and with the same quotients. To construct the refinments, define

Mi,j = i+1 +MZONJ Q Ml
Ni7j:Nj+1+M¢ﬁNj VO<i<m,V0<j<n.

On particular,

M; o= M;i1 + M; NNy = M;
M; = M1 +M; NNy = My,

We then have a filtration :
M1 =M;,, CM;pq1 C---C M1 CM;o=M,.
Similarily, we have another filtration :

Nj1 = Npj C - C Noj = Nj.

Prof. K. HESS-BELLWALD 17



2.1. DEFINITION AND ELEMENTARY PROPERTIES OF K,

We define the following two filtrations :
O:Mm,n c.- ng,O:Mmfl :Mmfl,n c.- QMO,O =M
OZNm,n c..-C NO,n :Nn—l :Nm,n—l c...C NO,O :N7

both of length mn. We will respectively note them (M]) and (N]). We need to show that
these are Z-filtrations and compare the quotients. We have :

M;; M1+ M;NN;
Mi,j+1 Mi_t,.l + M; N Nj+1
N M, NN,

~ by Zassenhaus lemma
M1 O N; + M; N Njiq Y
N, M; N N;
o Vit AN again, by Zassenhaus lemma
Nj+1 + Mi+1 N Nj
Nij

Nit1,

So the quotients are the same. In particular, (M]) is a P-filtration iff (IV]) is. We need to

show that
M; N N;

Mi+1 N Nj + Mz N Nj+1

By the 3rd isomorphism theorem, we have an exact sequence

€ Obj 9.

0 M, 1+M;NN,; M; M; 0
Mt M1 M;11+M;NN; )
We have that M;/M;1, € Obj 2 (the middle term). So
M1 + M; N N; .
Al T Y Obj 2
M1
M;NN;
——— c ObjZ by the 2nd isomorphism theorem.
Mi+1 n Nj
No consider
0 M, 1NN;+M;(N; 11 M;NN; M;NN, 0
Mi+1ﬂNj Mi+1ﬂNj Mi+1ﬁNj+MiﬂNj+1
by the 3rd isomorphism theorem. The middle term is an object of 2, so
M;+1 "N; + M; NN, .
9T S0 € Obj 9.
Mi+1 n Nj
To conclude,
m—1 m—1n—1
[M;/M;11]9 = Z [M; ;/M; 412 refinments doesn’t change the sum
i=0 =0 j=0
n—1m-—1
= [Ni,j /Nit+1,5]2
7=0 =0
n—1
= D _[Nj/Njiila.
j=0

So r is well defined.
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CHAPTER 2. Kq AND CLASSIFICATION OF MODULES

e 1 is a generalized rank. Let

0 L M N 0

be a short exact sequence in €. To show that r(M

M in € out of Z-filtrations of L and N. Let (L;);

in 4. Since j(Lo) = j(L) = imj =kerp = p~ (N,
N,

0=j(L) Cj(Li—1) S~ Cj(Lo)=p Y
Observe that

) =
<1 and (NN;)i<n be such Z-filtrations, both
), we have a filtration

2) € (Npe1) € Cp M (Np) = M.

- ( i)/3(Liy1) = Li/Li11 € Obj 2, since j is injective,
( i)/p~ ( Niy1) = N;/Nit1 € Obj 2.
So it is a Z filtration. We have

-1 n—1
r(M) = [i(L)/i(Lis)lz + Y _lp~ (N)/p~ (Nig1)]2
=0 =0
-1 n—1
=Y [Li/Lisi)o + Y _[Ni/Nitilo
=0 =0
=r(L) +r(N).

So 7 is a generalized rank.

We now have a unique induced homomorphism

Iso ¥

Ko%

\ =i
¥

Koo

Thus, 7([M]g) = r(M) =>",[M;/M;+1]5 for any Z-filtration (M,). We have 7 =7"1. Indeed :

~

e 701 =1idk,o since
= [M/0]o since 0 C M is a Z-filtration of M
[

e Since VM € Obj %, we can choose any P-filtration (M,) of M in € and calculate

vor([M]e) =A<Z[M‘/Mi+1] )
:Z [Mi/M;11)2)

Z [M;/M; 1]

= [M}f by lemma [2.1.20

( )+ 7(N), we build a 2-filtration of
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O

2.1.23 Example. Let R = Z, € be the full subcategory of finite abelian groups, and Z be the full
subcategory of cyclic groups of prime order, including the trivial group (i.e. the finitely generated
simple left Z-modules #(Z)). Clearly, {0} € Obj 2 C Obj %, and Iso 2, Iso ¢ are both sets.

e By the same argument as before, if 0 = L - M — N — 0 is exact in 2, then either L or N
is trivial, and M is isomorphic to the other.

e By basic group theory, any finite abelian group admit a filtration by cyclic groups of prime
order.

So, by Dévissage, Kg¢ = K¢%. Moreover, by previous example, we have
K02 = Fap{Z/pZ | p prime} = Fan{x, | p prime}.

Let’s calculate this groupe another way. Recall that if 0 > A — B — C' — 0 is exact in ¥, then
B/A = C and so |B| = |A||C|. We thus have a generalized rank

r:lso?d — (Q,")
A— |A|.

By the universal property of Ky, we therefore have

d
Iso® i Ky¢
\ 3 Bl
@)

Claim : 7 is an isomorphism.
Surjectivity :  Consider § € Q7% . Then

N(z/cz] - [Z/dZ]) = ¥([Z/cZ)) - 7([Z/dZ]) ™
([Z/cz)) - r(1Z/dz)~"

|
.

Ul o

Injectivity : Argument by induction over the power of primes in |A].

— If |A| = p = |B] with p prime, then A = Z/pZ = B and so [A] = [B].

— Induction step : suppose that if |A| = p* = |B| with k < n, then [A] = [B]. Note
that if |A] = p™, then A has at least one element of order p, whence there exists a
injective homomorphism Z/pZ — A, from which we can derive an exact sequence
0— Z/pZ - A — A’ — 0, and |A’'| = p"~!. Similarily, we have an exact sequence
0— Z/pZ — B — B' — 0, and |B’| = p"~!. By induction hypothesis, we have

[A] = [Z/pZ] + [A]

= (2/p7) + B
= [B].
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— For any abelian group A, if |A| = p]fl cooo.pkr = |B|,then A~ Ay @ --- @ A, B =
B; @ --- @ B,, where |A;] = p = |B;|. So

2.1.5 The resolution theorem

Yet another tol for simplifying computations of K by passing to a smaller, less complicated sub-
category of pMod. The key concept :

2.1.24 Definition (Projective resolution). Let M € Obj pMod. A projective resolution of M
is an exact sequence in pkMod

p P . p Pp— M 0

where P; is a projective module. The reolution is finite if there exists n such that P; = 0,Vi > n.
If P, =0,Vi > n and P, # 0, then the resolution has length n. The projective dimension of M

is :
oo if M doesn’t admit any finite projective resolution,

n  the minimum length of a finite projective resolution, if it exists.

pd M = {
The global dimension of a ring R is

gldim R = sup pd M.
MeObj gkMod

Define & (R) , the full subcategory of .# (R) whose objects are those that have a finite projective
dimension.

2.1.25 Theorem (Resolution theorem). For all ring R :
KoZ<x(R) = KyR,
where K()R = Ko@(R)

Proof. We need two homomorphisms KoR — K¢ P« (R), K0P« (R) — KR that are inverse
to each other. This is equivalent to the existance of generalized ranks Iso Z(R) — K¢ P« (R),
Iso Z.(R) — KR such that the induced homomorphisms are mutually inverse. Let us note
[M] the class of a R-module M in KoR and [M] the class of M in Ko P« (R).

o Generalized rank Iso #(R) — K¢ %< (R). Remark that &(R) is a subcategory of Z . (R),
si it makes sense to define
t:Iso Z(R) — Ko Z<oo(R)
M+— [M]w.
This is a generalized rank, since a sequence exact in Z(R) is aslo exact in P.o(R). So
[M]oo = [L]oo + [N]oo for all exact sequence 0 - L — M — N — 0 in KoR. Thus, there
exists an induced homomorphism
T KoR — K032<00(R)
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o Generalized rank Iso . (R) — KoR. The Euler characteristic is the function

XRr :Is0 P (R) — KoR
M — > (=1)* [P,
k=0

where 0 — P, — --- — Py =& M — 0 is a projective resolution of M. We show two points.

1. xg is well defined, i.e. does not depend of the chosen projective resolution. Let
0—=P,— =P —>M-=0,

0—-Qn—>—=>Qo—M—0

be two projective resolutions of M (where it may be that some P;, @); are 0). Let us
show that

Py if2In

Pn@Qn—l@Pn—Z@”'@{ Qo otherwise

= QO 1OCn—2® @{ Py otherwise

Oﬁpnﬁpn_lﬁpn_g P1 PO M 0

If n =1, it is the Schanuel’s Lemma. Suppose the isomorphism holds ¥n < N. Consider

PN
0 —— Pyyy 25 py Y py P Py M——0

pe

0 — kerpy

gN+1 gN
0 — Qny1 — QN —> QN1 Q1 Qo M 0

pre

0 — kerqyn

The inductive hypothesis is that given K, L two modules and two exact sequences :

0 K P, P,_1 . P Py M 0
0 L— Qn—> Qu_ s Q1 — Qo M—0
we have

KeC,=ZL®D,,
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where Cp, = Qn ® P 1 @ Qno®--- and D, = P, ©Qp1 ® Pr_o @ ---. It is true
if n = 0 by Schanuel’s Lemma. By induction hypothesis, kerpy @ Cn = kergny @ Dy.
Now we have an isomorphism

Pny1 ®Cn Zkerpy @ Cn
=kerqny ® Dy
=QN+1 D Dn.

So Pny4+1 @ Cn =2 QN1 @ Dy. To conclude, we have toprove the induction hypothesis
for N + 1. Consider

PN
0 K Py i Py al Pyn_y Py M 0

P

0 — kerpy

gN+1 gN
0 L QN1 Qn Qn-1 e Qo M 0

pre

0 — kergy

Again, by inductive hypothesis for N, we have kerpy @ Cny = kerqy @ Dy. Now we
have short exact segences

00— K—— Pyy1 —— kerpy — 0

0 —— L —— Q41— kergy — 0

b

whence
O*>K4>PN+1EBCN —»kerpN@CN — 0

~

0 — L—Qny1® Dy —> kergqyn ® Dy — 0

By Schanuel’s Lemma, we have

K®Dnyi =K®Qn+1 © DN
=L®Pvi1®Cn
:L@CN+1.

Therefore, x g is well defined.
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2. We need to show that for all exact sequence 0 - L - M — N — 0 in P(R), we

have xg(M) = xr(L) + xr(N). By point 1., we can choose any projective resolution of
L and N to calculate xyg(L) and xg(N). So take

0—=FP,— =P —L—=0,

0—-Qp,— - —>Qy—N—0.

Apply the Horseshoe Lemma (Exercise set 5) :

0 Py P o@ Q1 0

0 Py Po® Qo Qo 0

0 L M N 0
0 0 0

By point 1.,

n

Xr(M) =Y (=1)¥[Pp & Q4]

k=0

=Y (=D ([P + [Qx))
k=0

= xr(L) + xr(N).

Finally, we have an induced homomorphism
SC\R : K0@<M(R) — KR
(Moo — > (—1)*[P],
k=0
where 0 —» P, —» --- — Py =& M — 0 is a projective resolution of M.
e We have that VM € Obj Z(R),

Xr o U[M]) = Xr([M])
= [M] since M is projective.

So SC\R ol = id@(R).
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e Let M € Obj Z.(R) and let 0 - P, — -+ — Py = M — 0 be a projective resolution of

M. Then

n

7o Xr([M]oe) = > _(—=1)*[Piloo.
k=0
Consider

0 0

\ml P2
ker p1

:Kl

SN\

P2 P1 PO

\ ) / \ . /
ker p% ker

Remark that pd K; < 0o, V0 < i <n — 1. So we have a projective resolution

0—+PFP,— =P — K =0

So all objects in the big diagram above are in &, (R). For all i, we have an exact sequence

00— K,—P,—-K,_1—0.So

Piloo = [Ki]oo + [Ki-1]oo
[Pn]oo = [anl]oo
[PO]OO = [Ko}oo + [M]oo
So N
Xr((M]o) =Y (=1)*[Piloc = [M]oo
k=0
and )/(\R or= ldy(R)

2.1.26 Corollary. If gldim R < oo, then GoR = Ky R, where GoR = Ko.# (R).
Proof. We have :
GoR = Ko/ (R)
= K0P« (R) since gldim R < oo
= KoZ(R)
— KoR.
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2.1.27 Examples. 0. gldim R = 0 iff R is semi simple , i.e every R module is projective.
1. gldim R = 1 iff every left ideal if R is projective. For instance, gldim Z[\/—5] = 1.

2.1.6 Stability

The goal here is to give a different caracterisation of [M] in KoR as a type of equivalence class.
Recall that

o KoR = (Iso Z(R),®)",
e if (S, %) is an abelian semigroup, then in (S, *)"

[s] = [t] <= Ju € S such that s*u =t * u.

Apply this to KyR to get
[M] = [N] < 3P € Obj Z(R) such that M @ P = N & P.
Since P is projective, 3Q € Obj 2(R) such that P @ Q = R®" is free. Therefore
[M] = [N] <= 3n >0 such that M @& R®" = N @ R®".

2.1.28 Definitions (Stably isomorphic, equivalent, free). Let M, N € Obj gRMod. We say that

e M and N are stably isomorphic is there exists n € N such that M @ R®" =2 N @ R®", and
we note M =g N ,

e M and N are stably equivalent is there exists n,m € N such that M @& R®" =2 N ¢ R®™,
and we note M ~g N ,

e M is stably free if M ~g 0, in other words, if there exists n,m € N such that M ¢ R®" =~
Ro™,

Why is it important for Ky ?

2.1.29 Proposition. 1. Every element of KR is of the form [P] — [R®"], for some P €
Obj Z(R), n € N.

2. In K()R,
[Pl=[Q] &= P=5Q.

3. In KoR = KoR/(|R]), the projective class group ,

([P =[Q < P~sQ.

Proof. 1. Recall that KoR = (Iso 2(R),®)", and that in a group completion (S, *)", any ele-
ment is of the form [s] — [¢], for some s,¢ € S. So any element of KyR is of the form [P] — [Q)],
for some projective modules P and Q. Since @ is projective, there exists another projective
module Q' sich that Q ® Q' = R®". So

[Pl = Q=[P+ [QT - ([Q1 + Q)
=[P o Q- [R*],

and P @ Q' is projective.
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2. Already done.

3. P ~g Q iff there exists m,n € N such that P @& R®™ =~ Q @ R®™. Without loss of generality,
m <mn. So

PrgQ < P=gQaRY™
— [P]=[Qe R ™ =[Q]+[R*™ ™| =[Q]+ (n—m)[R] by 2.
= [[P]] = [Q]].
O

2.1.30 Notation. Let .Z5(R) be the full subcategory of the finitely generated stably free left R
modules.

2.1.31 Remark. We have .7 (R) C .#%(R) C £(R). For example :
e This example is due to Kaplansky. Let R = R[X,Y,Z]/(X? +Y? + Z* — 1), and let ¢ :

R[X,Y,Z] — R be the quothent homomorphism. Note X = ¢(X), Y = q(Y), Z = q(Z).
Define the two matrices :

A=(XYZ), B-

NI~ >

Define
p: R — R
v — Av,
s: R — R®3
r— Br.
Then
pos(r)=ABr
=X+ +Z)r
=1-r
=r
= pos=idg.

Consider the following exact sequence that splits

P =kerp R®3 P R 0

We have P@® R = R®3, so P is stably free. We will show that P is not free. By contradiction,
suppose it is. Since R is commutative, and therefore has an IBN, there exists an isomorphism

f: R®? =, P. Given such a f, there exists an isomorphism

$:R»® —P@R

a
b | — f(a,b) +ec
c
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On the other hand, the previous exact sequence gives us an isomorphisme
:PpR— R®
x4+ r— x4+ s(r).

Consider § o ¢ : R%3 — R®3, Tt is an isomorphism represented by the following invertible
matrix :

aq b1 Y
a9 bg Z
as bg Z
whose determinant is a unit v € R. Wa have a matrix
u_lal by X
C = u*1a2 by Y
u_lag b3 Z

of determinant 1. Consider C°(S2,R) the ring of continuous functions on S? with value in R,
and
w : R[X,Y’ Z} — 00(827R)
X — proj;
Y —— proj,
Z — projs .
Note that Vw € S? we have proj, (w)?+proj, (w)?+proj;(w)? = 1, so proj? + proj3 + proj3 = 1,
and so
VXP4+Y? 4+ 22 1) =y X)) +9(YV) P +9(2)* -1
=0
= (X?+Y?+ 22— 1) Ckere.

Therefore, there exists a unique 12 : R — C°(S?,R) such that the following diagram com-
mutes

Y

R[X,Y, 7] CO(s2,R)

Y

with 9(X) = projy, ¥(Y) = projy, (Z) = projs. Apply ¢ to C to get

R @(u_lal) @(bl) proj;
D=4(C)= | ¢(utas) (bs) proj, | € M3(C*(S*,R)).

Y(utag) p(bs) projs

Since 7; is a ring homomorphism, we have det D = @(det C) = 1. Let ¢; be the j*® column
vector. We have that c;(D) A c3(D) : S — R3 is a continuous tangential vector field on S2.
Moreover, it never vanishes since

|det D| = |(c1(D) A e3(D), e2(D))| = 1.

But this is impossible by Brouwers Hairy Ball theorem. So P is not free, but stably free.
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e Let R =7/6Z. Consider the following exact sequence that splits :

0

7./3Z

7./67.

7.)27 0

The module Z/2Z is therefore projective, but not stably free because |Z/2Z @ (Z/6Z)"| is

never a power of 6, and so (Z/6Z)™ £ Z/2Z & (Z/6Z)™, Ym,n € N.

2.1.7 Multiplicative structure in KyR

How to multiply classes of projective module ? The key notion :

2.1.32 Definition (Bilinear map). Let R be a ring. Let M € ObjModg, N € Obj gkMod, and
A be an abelian group. A bilinear map f : M x N — A is a function such that Vz,z’ € M,
Vy,y € N,Vr € R :

L. f(x—i—x’,y) = f(x,y) +f(:v’,y),
2. f(xay+y/) = f(x,y) +f(x,y’),

3. flar,y) = f(z,ry).

2.1.33 Theorem (Tensor product). Let R be a ring. There is a functor
— ®pr — : Modgr x pMod — Ab
such that VM € ObjModpg, VN € Obj gpMod, there exists a bilinear map
n:MxN—M®rN

such that any other bilinear map f : M x N — A factors uniquely through 7 :

M x N M &g N

=12
\ i

!
A

The abelian group M ®pr N is called the tensor product of M and N.
Proof. We give an explicit construction !

e Define
M ®gr N = Fapr(M x N)/B,

where B is the subgroup of Fap(M x N) generated by
- ($+xlvy) - (xvy) - (x/vy)a V.’E,SU/ € Ma Vy € Na

- (x,y—l—y’)—(x,y)—(x,y/),VxGM, vyay/€N7
- (Wﬂy)—(xﬂ"y)vVﬁGM, VyGN, VTGR
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Define 7 as the composite

M x N« Fap(M x N) M &g N

('Tvy) e (I7y) e A

7 is indeed bilinear. Given f: M x N — A a bilinear map, consider

M ®r N
=l R
I .-~ 3Af < BCkef

and B C ker fsince f is bilinear.
e Given f: M — M’ and g: N — N’, define

f@RgiM(@RN—)M/@RN/
z@y— f(z) ®g(y).

We have
M x N ——— Fap(M x N) M ®r N
Ixyg bilinear 33!
¥
M’ x Nl ———— Fap(M’' x N') M @r N’

This shows that f ®pg g is well defined and that it is a homomorphism of groups.
O
2.1.34 Corollary. Let R, S and T be rings. Then — ®g — restricts and corestricts to a functor :
— ®g — : RModg x sModr — rModr.
Proof. Given M € Obj gpModg, N € Obj sModr, define a left R-action on M ®g N by

AMRX(M®sN)— M®sN
(nrx®y)=(rr)®y,

and a right T-action by

p:(M®@sN)x R— M ®s N
(z@y,t) =z (yb).

We need to show that A and p are well defined :

Lr(z+2)oy =r-(zy+s'0y),
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2.1 (@@y+y)=r-oy+zey),
3r-((z-s)@y)=r-(z®(s-y)).
O

2.1.35 Remark. If R is commutative, and M is a left R-module, we can see M as a (R, R)-bimodule
as follows :
T-T=7T-"1.

It is indeed a (R, R)-bimodule because R is commutative. We can then see — @ g — as a functor

— ®r — : Modgr x Modr — Modg,
— ®r — : RMod x RMod — rMod.

Here are some important properties of — ® g — seen in the exercises sets :
1. Associativity : if L € ObjgModg, M € Obj gkModg, N € sModr, then
(LOrM)®s N=L®g(M®gN)
as (@, T)-bimodules.
2. Commutativity : if R is commutative, and M, N € Obj Modg, then

MxrN=2N®rM.

3. Additivity : if M; € ObjModg,Vi € I and N; € Obj RMod,Vj € J, then

(@M) QR EBNj =~ @ (M; ®g N;).

icl JjeEJ (i,9)eIxJ

4. Unit : if M € ObjModpg and N € Obj pRMod, then
M®rR=M, R®rNZ=N.
The idea of this proof is that z @ r=z® (r-1) = (z-r) ® L.
5. If M € ObjModpg and N € Obj gpMod, then

M ®pr0=0, O0®r N 0.

6. Projectives : if R is commutative and if P and @) are projectives right R-modules, then P®rQ
is also projective.

2.1.36 Definition (Semiring). A semiring consists of an abelian semigroup (S, +, 0) with a neutral
element 0, endowed with an associative multiplication map * : S x S — S that has a unit 1 and
that is distributive over the semigroup structure. It is commutative if * is commutative.

2.1.37 Proposition. If R is commutative, then (Iso #Z(R), ®,0, ®g, R) is a commutative semiring.

Proof. Obvious, with the previous properties. O
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2.1.38 Proposition. If (S,+,0,*,1) is a (commutative) semiring, than * induces a (commutative)
ring structure on (S, +,0)", i.e. we have alifting of (—)" : AbSGrp — Ab:

(=)

AbSGrp Ab
: S
SRing Ring

Proof. Define [s|[t] = [s * t]. We just have to show that this multiplication on (S, +,0)" is well
defined.

[s] = [s'] <= Ju € Ssuchthat s+u=s+u since (S, +,0) is abelian
= VteS (s+u)xt=(s+u)*t
= sxttuxt=s*xt+uxt
= [sxt] =[s"*t].

Similarly, [¢t] = [t'] = [s*t] = [s*t/]. If x is commutative, then [s][t] = [sxt] = [t * s] = [t][s] and
so (S,+,0,*,1)" is commutative. O

2.1.39 Corollary. If R is commutative, then KoR = (Iso 2(R),®,0,®g, R)" is a commutative
ring, where

[Pl[Q] = [P ®r Q).

2.1.40 Example. If R is a commutative PID, then KqR = Z as rings.

2.2 Functoriality of Grothendieck group
The goals here are :

e understand the relation between KgR and RyS with respect to a ring homomorphism ¢ :
R— S,

e give tools for computing KyR from KyR;, where R is “built out of” the R;’s.

2.2.1 Exact functors

Whet you need to get a homomorphism between Grothendieck group :

2.2.1 Definition (Exact functor). Let R and S be rings, and ¢ C Modpr and 2 C Modg be full
subcategories with 0-object and only set of isomorphism classes of objects. A functor F': ¢ — 2
is exact if it preserves exact sequences.

2.2.2 Proposition. If F': ¥ — 2 is exact, then it induces a homomorphism KyF : K¢ —
Ky9.
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Proof. Since I preserves exact sequences, we have that dgoF : Iso 4 — K2 is a generalized rank.
By the universal property of d¢, there exist a unique ring homomorphism KoF : K¢ — K¢ 2 :

Iso ¥ Ky¢

N |
F dgoF :
NV
Ky9

K, F

d
Iso 9 =4

“Bract functors are exactly what you need !”

Prof. K. HESS-BELLWALD
17/04/2013

When ¢ = Z(R) and Z = £(S), we have :
2.2.3 Proposition. Let F': Modr — Modg be a functor such that
e FIM®N)XFM & FN,
e FRe 2(5).
Then F restricts and corestricts to an exact functor
F:2R) — 2(5)
and therefore induces a homomorphism KoF' : KR — K;S.

Proof. We need to show that FP € 2(S), VP € Z(R). We know that there exists P’ € Z(R)
such that P @ P’ =2 R®", for some n € N. Thus
FPOFP =2F(PoP)
>~ F(R®™)
>~ (FR)®"
e Z(9).

So FP € #(S), and F does indeed give rise to F': Z(R) — Z(S). It is exact since every exact
sequence in Z(R) splits, and that F' preserves @ up to isomorphism. O

Restruction of scalars

If $: R — S is a homomomorphism (!) of rings, then it induces a functor

¢* : Mods — Modg
(M, p) — (M, po (idas x9)).
In particular, since S is a S-module, we can view it as a R-module. The functor ¢* does not

change the underlying abeloan group, only the action. Moreover, if f : (M,p) — (M’,p') is a
homomorphism pf S modules, then

¢*f (M, po(idy x¢)) — (M, p" o (idns x¢))
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has the same underlying homomorphism of groups. Since f is a homomorphism of R module, we
have

f(sm) = sf(m), Vs e S,Yme M

= f(rm) = f(¢(r)m)
= o(r)f(m)
=rf(m),

and ¢* f is a homomorphism of R-modules.
MOdS ¢* MOdR
%& %
Ab

Consequently, ¢* preserves exact sequences and is an exact functor. If ¢*S is finitely generated
and projective an an R-module, then it restricts and corestricts to an exact functor ¢* : 2(S) —
Z(R), and therefore induces an homomorphism

K0¢* : Kos — KyR.
Not quite what we want to see K as a functor Ring — Ab...
2.2.4 Example. Let ¢ : Z/6Z — 7Z/2Z be the quotient homomorphism. Since Z/6Z = Z/27 &
Z/3Z, it comes that Z/27Z is finitely generated and projective as a Z/6Z-module. So ¢ induces a
homomorphism Ky¢* : Ko(Z/2Z) — Ko(Z/6Z).
Extension of scalars

Let ¢ : R — S be a ring homomorphism. Define functor
S®pr —: RMod — sMod
M— SQr M
fr—S®r [f=1ds®rf,
where S is implicitly considered as a (S, R)-bimodule.
e The fact that S ® g — preserves direct sum is a special case of additivity (exercise set 7),
e S®p RS is a finitely generated projective S-module.
So there exists a homomorphism
Ko(S®gr —) : KoR — KS
[P] — [S ®R P].
2.2.5 Notation. Ky¢ = Ky(S ®g —).
2.2.6 Theorem. With respect to this choice of K¢,
Ky : Ring — Ab
is a functor. It restricts and corestricts to a functor

Ky : CRing — CRing.
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Proof. e We will show that YR -2+ § - T, we have Ko(¢) 0 ¢) = Koih o Kop. Let P €
Obj Z(R),

Kop o Koo([P]) = Koy ([S ®r P])
= [T ®s (S®r P)]
= [T ®g P]
= Ko(¢ 0 ¢)([P]).

e We will show that for all ring R, we have Ky idg = idg,r. Remark that idj R = R, with the
usual R-module structure. Therefore R @ g M = M, with respect to idg.
If R is a commutative ring, then KyR as also commutative, with [P][Q] = [P ®r Q]. Let
¢ : R — S is a homomorphism of ring. Then

Koo ([P]) Kog([Q])

[S®r Pl[S®r Q]
[(S®r P)®s (S®r Q)]
=[((S®r P)®s S) @r Q]
=[S®r(P®rQ)]

= Koo([P][Q])-

Tensoring with bimodules

This is a generalisation of the extension of scalars. Let M € Obj sModpg. Then we have a functor
M ®pr —: RMod — sMod

that preserves direct sum. Is M is projective and finitely generated, then M®@r R = M € Obj Z(S).
Whence M ®pr — induces a homomorphism

Ko(M ®Rr *) : KgR — K()S

Central idempotents

This is a special case of the extension of scalars.

2.2.7 Lemma. Let R be a ring, and e € R a centran idempotent. Then eR is a ring with neutral
element e.

Proof. e ert+er’ =e(r+1') €eR,

o (er)(er') = erer’ = e*rr’ =e(rr') € eR.

So eR is closed under + and -, inherited by R. Moreover (er)e = e(er) = e*r = er, so e is the
neutral element of eR. O

2

Let

¢ : R — eR
r— er.
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This is a ring homomorphism since

be(rr') = err’

= ey
= erer’
= he(r)de(r’).
So we have an induces homomorphism
K()qbe : KgR — KpeR
[P] — [eR®R] = [eM] (exercise !).

To illustrate the utility of central idempotents, and as a method for computing KyR :
2.2.8 Theorem. Ky(R x R') = KoR x KyR'.
Proof. Let e = (1,0) and ¢’ = (0,1). It is obvious that they are central idempotents. Moreover
e(RxR)~R
¢(RxR)~R.
There exists homomorphism of ring
¢e: Rx R — e(R x R')
¢ : Rx R — € (R x R'),
and therefore group homomorphism

KO¢€ : Ko(R X R/) — Koe(R X R/>
KO¢e’ : Ko(R X R/) — Koel(R X R/),

from which we get

o= (K0¢E,K()¢e/) : Ko(R X Rl) — Koe(R X R/) X Koel(R X R/)
[P]— ([eP], [e"P]).

Claim : this is an isomorphism. Observe that there exists a split exact sequence of (R x R’)-modules

¢e’

«— e
¢(RxR)———— Rx R

e(Rx R
So Rx R 2 e(Rx R')®e'(Rx R'). In particular, both e(R x R') and ¢ (R x R’) are finitely
generated projective (R x R')-modules. Therefore ¢, and ¢, induce homomorphism

Ko(ﬁZ : K0€<R X R/) — K()(R X R/)
Kod? : Koe'(Rx R') — Ko(R x R).

Claim : Ko¢: ® Ko¢?, is the inverse of (Kode, Koder). We have a homomorphism

B (Koe(R x R')) x Koe'(R x R')) — Ko(R x R')
([M], [N]) ¥ Kod; ([M]) + KogZ (IN]).
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e We show that foa = idk,(gxr). Let [M] € Ko(R x R'). We have

Boa(M]) =B ([e(Rx R) ®rxr M],[¢'(R x R') @pxr M])
(R x R/) QRx R/ M] + [6/(R X R/) QRxR’ M]

e Conversly, il M is an e(R x R’)-module, then eM = M since e is the neutral element of
e(R x R'). Similarly, if M’ is an €/(R x R’)-module, then /M’ = M’. So

ao B([M],[M']) = a([pz M] + (¢ M])
= ([e(Rx R") @rxr s M],[¢'(R x R') @rxr deM])
+ ([e(R x R') @rxp o2 M'],['(R x R') @pxprr ¢per M'])
(leM], [’ M]) + ([eM'], [e'M'])
= ([M],O) + (07 [M/])
([M]

since e M = e’eM = 0M = 0.
So

Ko(R x R') 2 Koe(R x R') x Koe'(R x R)
= K()R X K()R/.

2.3 Localization

11 this section, all rings are commutative. The idea here is to simplify a ring R by looking at it “one
prime (ideal) at a time”. We'll try to “invert” articicially as many elements as possible so that we
get something close to a field. We know that KoK = Z as rongs when K is a field. We’ll try to make
R local, i.e. with only one maximal ideal. It turns out that KyR is easy to calculate if that case.
In exercise set 10, we’ll see examples of local rings, computation of their Ky and determine when
localization produces local ring. In class, we’ll see the theory of localization ant its importance for
K-theory.
Localization is defined by a universal property :

2.3.1 Definition (Localization). Let R be a commutative ring, and S C R ba a subset. A
localization of R away from S consists of a ring R’ and a ring homomorphism ¢ : R — R/ such
that

o ¢(s) is invertible in R/, Vs € S,

e Vi) : R —» R that satisfies the previous condition, 3¢ : R’ —» R” such that the following
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diagram commutes :

R 0 R
X iﬂ!@[}
R

2.3.2 Remark. Sonce this is defined by a universal property, if the localization exists, it is unique.
2.3.3 Notation. We note 15 = ¢ and S™'R = R'.

We want to invert elements of S. Wo elements of S~' R should look like =, as ine the construction
of the quotient field of a domain.

2.3.4 Theorem. The localization always exists.

Proof. We give an explicit construction ! Let X = {zs | s € S}. Consider R[X], the molynomial
ring on X with coefficients in R (here, we need R to be commutative). Define

Js={(szs—1]s€Sf).
Let tg be the following composite :

rR—7 . Rrx] 2

R[X]/Js .

We have to check that is satisfies the required properties.

e If s € 5, than tg(s) is invertible in R[X]/Js since

[25][s] = [ss]

=[]

e If ¢ : R — R” is a ring homomorphism such that v(s) is invertible in R, Vs € S, then

consider
e RIX]/Js

J ! a .
\3'{5 ////:’ N
2 v -7 AW < kerp=Jg Ckerv

we have that kerp = Jg C ker 1:/;
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2.3.5 Remark. If 0 € S, then in S™'R we have [zo] = [0]7!. So

= [0][zo]
=[1]
= S7'R={0}.
What happens if S contains zero divisors ?
2.3.6 Notation. For any S C R, let S be the multiplicative closure of S, i.e.
S={s1---s,|neEN,s; € SVl <i<n}.
2.3.7 Proposition. Let R be a commutative ring and S C R.

1. We have
kertg = {r € R|3s € S such that 75 =0} .

In particular, if R doesn’t contain zero divisor, then ¢g is an embedding.

2. (A more manageable description of S™'R) : Vy € ST'R, Ir € R, 35 € S (not necessarly
unique) such that

v = LS(E)_lbg(r).

Proof. 1.
DO : We have
0= Ls(O)
=15(3r)
= t5(8)es(r)
So
0= Ls(g)_lo
=15(5) s (3)es(r)
=15(r)
= r € kertg.
- Let r € kertg.

r€kertg = 15(r) =0
— reJg

= 3s1,...,8, € 5,3p1,...,pn € R[X] such that r = Zpi “(s125 — 1).
i=1
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So in that case, it is enough to consider S' = {s1,...,s,} C S. Since Jgr C Jg, there
exists a ring homomorphism (quotient map)

(SR SR

Moreover, r € keritg since r € Jg:. Let § = H?:l s;.- In the exercise set, we have
shown that (S")"'R = {5} 'R. Since r € kervs: = ker i[5}, we have r € (x5 — 1), i.e.
Jp € R[x5] such that
r=p(zs) - (Srs —1).
Write p(z5) = i, a;x%, with a; € R. Then
r=p(rs) - (Szs—1)
= —ag + (o5 — a1)zs + (@15 — ag)x§ + - 4 (ap-15 —ap)z2 + anExg‘“.

Thus, r = —ag, a;S —a;41 = 0, V0 < i < n -1, and a,5 = 0. So a;41 = a;5, and
rs"t! = q,5 = 0. Since 5"t! = 0, we have the inclusion.

2. Let R’ = {15(5) " lus(r) |5€ S,r € R} C ST'R. We want to show that R = S~'R. First,
note that R’ is a subring of S~'R. Indeed :

e (15(3) Lus(1)(ts(3) s (r")) = 15(38) " Lus(rr’), and 35 € S,

e think of it as fractions :

(15(3) es() + (15(5) es07) = 15(55) " as(5') + as(57)
1s(5) Lus (s +51°),

and 51’ +3r' € R.

So R’ is indeed a subring. Consider

We have j o J= idg-1p, so j is a surjection, and R’ = S™'R.
O

Here is a sketch of a “fraction” approach to localization. It generalizes more easily to non

commutative rings. Define
STTR=(RxS)/~,

where
(r,s) ~ (r',s") <= 3t € S such that t(rs’ —r's) = 0.
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Let T = [(r, 5)]. We have

ts: R— S7'R
rs

r— — for some s € S.
s

Then, ¢ts(s) is invertible, with inverse . We have the universal property :

SR

\
with 9(Z) = ¥(s) 1 (r).

2.3.8 Examples. 1. If p is a prime ideal of R, then we note R, = (R\ p)"'R (R localized at
p). If R =7, p € Z is a prime number, then pZ is a prime ideal. We note Z,) = Z,z (the
ring of integers localized at p).

=
e

2. Choose s € R. Then R[] = {s}7'R = {s,5s%...}7'R (R localized away from s). For

example, if R = 7Z and if p € Z is a prime number, then Z [ﬂ is the localization of Z away
from p.

What can we say about Koyis : KgR — KoS™'R ? We'll compute ker Kgtg. For that, we need
to understand Kos([P]) = [ST'R @g P], at least for P € Obj Z(R).

2.3.9 Notation. If M is a R-module, then S™'M = ST'R®p M € Obj g-1gkMod.
2.3.10 Remark. S—!'M also satisfies a universal property, like that satisfied by S™!R (exercise !).
2.3.11 Lemma. Let M € Obj gpMod. Consider the homomorphism of R-modules given by
s ®pidy : RERM =M — ST'R@r M =S5'M
m— 1@ m.

Then -
ker(s ®p idy) = {m € M | 35 € S such that 5m =0} .

Proof. Exercise. This is slightly more technical than the calculation of kertg... O
To better understand what the elements of S~'M are
2.3.12 Lemma. 1. Wa have
STIM = {LS(E)_1 @m|seS,me M},

where (15(31) 7' @ m1) + (15(32) 7! @ ma) = 15(51,52) " ® (52m1 + 51m2). Think of addition
of fractions.
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2. 15(31) 7t ®@my = 15(32) "t ® my in STLM iff 35 € S such that 3(39m1 — 51me) = 0in M.
Proof. 1. We have S™'M = ST'R®g M. Its typical elements are of the form

n

D (es(50) s(ri)) @ mi = es(5) ™! @ (us(ro)mi)

i=1
n
_ — — \—1 j :7 = —
_LS(Slsn) ® S1:++8; 8 TiMm; .

2. We have :

L5(§1)71 XKmy = L5(§2)71 ® meg in STIM — L5(§1)71 X my — Ls(§2)71 ®mo =0 1n S™'M
= LS(§1§2)_1 ® (Semy —S1meo) =0 in S—1Mm
— 1® (§2m1 — §1m2) =0in SilM

=(ts®@gidar)(F2m1—51m2)

<= Js5 € S such that 3(8am; —51mz) =0in M
O

2.3.13 Properties. 1. The functor ST'R®pr — : RkMod — g-1zpMod is exact, i.e. if 0 —
L - M — N — 0is exact in gpMod, then 0 — S~'L — S™'M — S7IN — 0 is exact in
s-1gpMod. We say that S~'R is a flat R-module.

2. If M € Obj.#(R), then S™'M = 0 (we say that M is an S-toreion module) iff 35 € S such
that sM = {0}.

3. (Realizability of S~!R-modules, or surjectivity of ST'R ®r — up to isomorphism) For all
N € Obj.#(S7'R), 3M € Obj.#(R) such that S™1M =~ N.

4. (Realizability of isomorphisms between S~! R-modules, or uniqueness of realizability of S~! R-
modules) Let M, N € Obj.#(R) such that Vs € S, s acts injectively on M and N. Then
S—IM = S—IN iff 3N’ < N such that

o N' =M,
e N/N’is an S-torsion module, i.e. S™1(N/N’) = 0.

We say that M and N are isomorphic up to S-torsion.

Proof. 1. In exercise set, we showed that if 0 — L A M B N - 0is exact in rMod, then
—1 - S*l -1
S %57 1M Sp N — 0 is exact in g-1zpMod (property of the tensor product ®g).
We have to show that S™!j = idg-1z ®rj is injective. Suppose that 15(35)~' ® [ € ker S™1j.
Then t5(3) ' ®3(l) = 0 = t5(3) "' ®0. So, by lemma [2.3.12] we know that 35’ € S such that
§'55(1) = 0. But

0=73"35(])
= j(5's0)
— 5’51 =0,

since j is injective. By lemma [2.3.11} | € ker(ts ®pidy), i.e. 1®1 =0 and so tg(3)" ' @1 = 0.
So ker S71j = {0}, and S~!j is injective.

Prof. K. HESS-BELLWALD 42

(multiplicat

by lemma 2



CHAPTER 2. Kq AND CLASSIFICATION OF MODULES

= : If sM = {0}, then ker(ts ®g idy;) = M, by lemma and so ST'M = 0. More
explicitely, if sm = 0, then
1om=(1s(3) " 1s(3) @m
=15(3)7' ® (ts(5)m)
=0
— 15(3) P @m=15F)1om)
=0.

Remark that we don’t actually need M to be finitely generated.

<= : Suppose M € Objcal MM (R) and that S~'M = 0, and so that 1°zm = 0 in S™1M,
VYm e M, ie. M =Xker(ts ®pgidps). Since M is finitely generated, 3z1,...,z, € M sich
that M = >""" | Rz;. In particular, z; € ker(1s ®pidas). By lemma 3s; € S such
that 5;2; = 0. Let § =31 --+5,. Then Sz; = 0 since R is commutative, and so SM = {0}.

3. Let N € .#(S™'R). Since N is finitely generated, 3z1, ..., 2z, € N such that N = Y7 | S™'Rx;.
Recall that since tg : R — S™'R is a homomorphism of ring, there exists a functor
v%: RMod — g-1gpMod. Ler M = """ | Rx; be a submodule ob t5N. Then

ST'M=S"'"RerM

=S 'R®p ini

i=1

= {Ls(s)l ®Zrm |5€S,r € R}

=1
= {Z(LS(S)_lm ®x;)|5€ S, € R} .
i=1

Then S7!N = {37 ,(ts(5;) " 'ri® ;) | 5, € S,r; € R}. By using fraction formula for ad-
dition in ST'R, we can convert any element in SN into one of the form in S™'R ®p M
(micro-exercise). So ST!R®r M = N.

4.

— : Let z1,...,2, be generators of M, i.e. M =" | Rx;. Since sm # 0, Ym € M \ {0},
we have that ker(ts ® g idpr) = {0}. We have

n (e n
M=3%, > ie1 Ra(z;)
restr. / corestr. of «
ts Qg idps
STIM =" STRay STIN
x; — a(x;)

We have that a(z;) € S™!N implies that 35, € S and Jy; € N such that a(z;) =
15(3:)) ' ®@y;. Let 5=3;---5,. Then a(r;) = 15(3) "t ® (51---5; -~ 5ny;). Now, there
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exist an isomorphism

5-—:) Ro(x;)<S'N-—> Ry;=N'<N
i=1 =1
ax;) — Sa(z;) = y;.
So M = 3"  Ra(z;) = N'. Finally, consider the exact sequence 0 — N’ — N —
N/N’' — 0 of R-modules, then apply S™'R ®r — to get 0 — S7I!N' — S7IN —
S~1(N/N') — 0. But

STIN'=S"'R@r Y Ry

=1
n
= Z S_lRyi
i=1
~ SN,

and so ST1(N/N') = 0.

<= : Suppose that we have N’ < N such that N’ 2 M and S~1(N/N’) = 0. Consider the
exact sequence

0 N« N N/N'

00— SN

and so STIN 2 §—-IN' =~ §-1)1.

We are interested in these properties of ST'R ® g — as they allow us to prove

2.3.14 Theorem (Localization). Let R be a commutative ring, S C R be a subset that does not
contains 0 nor zero divisors. Let 71%, g be the full subcategory of .Z(R) with objects

ObjTps={Me#(R)|S™'M=0and pd M < 2}.
Then ther exists an exact sequence in Ab :

X Ko
KoT2 g —>— KoR —29 KSR

Proof. Define

X : Iso 91%5 — KoR
[(M] — [Po] = [P1],
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where 0 — P, — Py - M — 0 is a projective resolution of M. It is well defined and a generalized
rank by Schanuel’s lemma. We therefore have an induced homomorphism :

imy C ker Kgug :

ker Kgtg Cim :

553 KOQR%S — KOR
[M] — [Po] - [P1],

Let 0 > P, - Py - M — 0 be a projective resolution of M. We apply the exact functor
SR ®p — to get another exact sequence

o~

S_lpl S_lRo

So Kois o X([M]) = 0.

If Kous([P]—[Q]) = 0 for [P],[Q] € KoR, then [S~'P]—[S71Q] =0, ie. [S7IP]=[S71Q] in
KoS7T'R,ie. S71P g S71Q, i.e. 3n € N such that S~} (P @ RP") 2 S~1P ¢ (S71R)"
STIQ@(STIR)®" = S—1(Q® R®™). Observe that since S contains neither 0 nor zero divisors,
it act injectively on any free module R®", since sr # 0, Vs € S, Vr € R. Consequently, since
any projective R-module is a summand of a free module, S also acts injectively on any
projective R-module. So S acts injectively on P® R®" and Q ® R®". Since both modules are
finitely generated, we can apply a previous proposition. We get that there exists N < Q@ R®"
such that

- N=PoR,
— (Q ® R®")/N is a S-torsion module.

Consider the following exact sequence :

N Q® R (Q ® R®™)/N
N~~~ —— —_———
€0bj Z(R) €0bj Z(R) S-torsion

We have that (Q & R®")/N € Obj 3 g. Moreover :

0

X([(Q® R®™)/N]) = [Q ® R®"] — [N]
=[Q® R — [P & R®"|
=[Q] - [P].
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Chapter 3

Ky and classification of invertible
matrices

The idea is to study an abstract version of the notion of determinant
det : GL,(R) — R™.
Our plan is :

1. see a matrix-theoretic definition of K3, good for establishing properties, but bad for calcula-
tions,

2. determine the universal property of matrix-theoretic K, and get some computational tools,

3. see a Grothendieck-type description, clarify the relationship with Ky, and start to see how
K-theory is a sort of homology theory for rings.

3.1 Matrix-theoretical approach to K,

3.1.1 Notations. e Let Mat, (R) be the ring of n by n matrices with coefficients in R.
o Let GL,(R) = Mat, (R)* be the group of invertible matrices.
o V1 <k,l<n,k#I, define Ey; € Mat,(R) to be the matrix specified by

1 ifi=k=1
(Brp)i; = { 0 otherwise.

o V1 <k,l<mn,k#I VreR,define 14,,(r) =1, + rE),.
o Let E,(R) = (13u(r) | 1 <k, l<n,k#1,7r €R).
3.1.2 Lemma. Ifn > 3, then [E,(R), E,(R)] = E,(R). Consequently, E,(R) < [GL,(R), GL,(R)].

Proof. Exercise set 12, exercise 1. O
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3.1.3 Remark. For all n > 1, we have an injective homomorphism :
GL,(R) — GLp4+1(R)
We then have a sequence of injective homomorphisms :

R* = GLy(R) —— GLy(R) —> GL3(R) ——> -
Define GL(R) to be the colimit of this diagram :

GL(R) = {(‘g Ii) | 3n € N such that A € GLn(R)} ,

the co-dimentional general linear group. Note that the inclusion GL,,(R) < GL,11(R) restricts
and corestricts to an inclusion E,(R) — E,11(R). We define E(R) < GL(R) in the same way.

3.1.4 Lemma (Whitehead). We have [GL,(R),GL,(R)] < E2,(R), both seen as subgroups of
GL(R).

Proof. Exercise set 12. O

3.1.5 Corollary. [GL(R), GL(R)] = E(R).

Proof. o We show that E(R) < [GL(R),GL(R)]. Let A € E,(R), seen as a GL(R) matrix

(61 IO . Since A € [GL,(R),GL,(R)] by earlyer lemma, and, seen as a subgroup of
oo

GL(R), we conclude that
(g‘ Ii) € [GL(R), GL(R)].

e We show that [GL(R), GL(R)] < E(R). Let A € [GL,,(R), GL,(R)], seen as a GL(R) matrix

: 40 . By the Whitehead lemma, A0 € Ey,(R), whence
0 Io 0 I,

(61 Ii) € E(R).

O

3.1.6 Definition (Bass—Whitehead group). Let R be a ring. The Baas—Whitehead group of R
is defined by

KR =GL(R)/E(R).
It is the abelianization of GL(R).

3.1.7 Proposition. K; extends to a functor K; : Ring — Ab.
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Proof. Let ¢ : R — S be a ring homomorphism. Consider the following diagram of groups :

E(o
E(R) ) E(S)
GL
GL(R) @) GL(S)
K
K\R----- Y K
O
3.1.8 Properties. 1. KjR = K;(RP).
2. Ky Mat,(R) = K R.
3. Ki(Rx R 2 K1R~ KR
Proof. Exercise set 12. O

First hint of the relation between Ky and K :

e In Ky, we know that [P] = [Q] iff 3n € N such that P & R®" = Q & R (existanceof basis
and dimension of modules).

o In KR, recall that A € GL,(R) implies that the rows of A are a basis of a free module.
Moreover, [A] = [B] in K R iff 3E € E(R) such thah A = EB. The bases determined by A
and B are related by row operations. So KR tells us about uniqueness of bases up to row
operations.

We’ll make all this more precise...

3.2 The universal property of K1 R

3.2.1 Definition (Generalized determinant). Let R be a ring. A generalized determinant on
R is a sequence of maps {d,, : GL,,(R) — G}nen, where G is an abelian group, and such that

1. 6,(AB) = 6,(A)d,(B), VA, B € GL,(R), Vn € N,
2. 6n(hy(r)) =1, V1<kI<n k#Il,VreR,VneN,

3. the following diagram commutes :

GLTL (F) ¢ GLn—i—l (F)

5n A
G

3.2.2 Examples. 1. Let R be a commutative ring. Define det,, : GL,(R) — R* to be the
usual determinant. Then det = {det,, },en is a generalized determinant.
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3.2. THE UNIVERSAL PROPERTY OF K1R

2. (Stabilization) Let s,, : GLy,(R) — K1 R denote the composite

GL,(R) —— GL(R)

KR

3.2.3 Theorem. Stabilization is a universal generaized determinant, i.e. every other generalized
determinant factors uniquely through s :

571,

GLn(R)

Proof. The family of homomorphisms §,, : GL,(R) — G induces a homomorphism

§:GL(R) — G
(5 £)— o,

where A € GLi(R). It is well defined by a property of a generalized determinant. Note that 5 is
defined precisely so that

G

5

On the other hand, {0, }nen+ is a generalized determinant, so §,(7;;(r)) = 1, V1 < i,j < n,
Vr € R. Consequently, E,(R) C kerd,, and so E(R) C kerd. Thus there exists a induces homo-
morphism

GL(R) d e

\ 3!3

KiR = GL(R)/E(R)

Observe that
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3.3 A Grothendieck type approach to K;

Observe that invertible matricies correspond to automorphisms of free R-modules. So do a Grothendieck
type construction, taking automorphisms of modules into account.

3.3.1 Definition (Bass K group). Let R be a ring. Let ¢ be a subcategory of pMod with a set
of isomorphism classes of objects. The Bass K; group of % is

K1% = (FapIso{(P,a) | P € Obj¥,a € Aut(P)})/G,
where @ is the subgroup generated by
e (Paop)—(P,a)—(P,pB), VP € Obj¥€, Vo, B € Aut(P),

e (M,3)— (L,a) — (N,7), where the following diagram commutes with exact lines :

0 L M N 0
0 L—" syt N 0

3.3.2 Remark. The relations in K;1% imply that
e [(Pidp)] = [(P,idpoidp)] = 2[(P,idp)], and so [(P,idp)] = 0,
o [(Pa)] = —~[(Pa™)].

3.3.3 Proposition. K1 R = K;.7(R).

Proof. e We construct a homomorphism K; R — K;.%(R). We use the universal property
of K1 R and the generalized determinant {s, : GL,(R) — KjR}nen+. We need to find a
generalized determinant {0, : GL,(R) — K1.%#(R)}nen+. For al A € GL,(R) there is an
associated homomorphism :

)\A : R@n — R@n
U1 U1

— A

So it makes sense to define

3, : GL,(R) — K7 (R)
A (RO, Aq)].

This is at least a well defined function. We now check the axioms :

1. 6,(AB) = 0,(A)d,(B), easily.
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3.3. A GROTHENDIECK TYPE APPROACH TO K;

2. 0n(7 ;(r)) = 0. Consider

9; : RP=D —, gon

U1
u Vi1
— 0
Un—1 i
Un—1-

Remark that the following diagram commutes with exact lines :

0 T0j
0 gee- 5 pen PV p 0
idREB(nfl) k Jv)\ﬂj(r) JvldR
0 TO7 -
0 getm-y % pen POV g 0
Thus
(R, Ar, )] = [(R*"D idgea-n)] + [(R,idg)]
=0.
A 0 A 0 .
3. Ot (<O 1)) =0,(A). Note B = <0 1). Consider
On+1 projn+1
0 ROn REB(nJrl) R 0
“k ‘AB kidR
0 REBTL an—i-l R@(n'f‘l) pro.]n+1 R O
Thus

(R Ap)] = [(R®", Aa)] + [(R,idR)]
= [(B®", Aa)].

So by the niversal property of KjR, there exists a unique homomorphism 5 KiR —
K,.%(R) such that § o s, = 0y, i.e.

(3 )40

e We now define the homomorphism K;.%(R) — K; R. Define a function

Iso{ (P, ) | P € Obj.#(R),a € Aut(P)} — K1 R
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oy

as follows : choose a basis for P, i.e. choose an isomorphism of R-modules ep : P — RO,

Define
e((P,a)) = sn(epoacep’)

seen as a n by n matrix. Let £: Fap Iso{---} — Kj R be the unique homomorphism defined
by . We need to show that Q C kere.

— Consider P € Obj.%(R) and automorphisms «, 8 € Aut(P). Observe that
E(P,acB)) =splepoacBocp')
=sp(epoao 5;1 oepflo 5131)
=splepoao 8;,1)8“(6136 o 5},1)
=&((P,a))e((P, B))

Therefore [(P,a o )] — [(P,a)] — [(P, )] € kere.
— If the following diagram commutes with exact lines

0 L M N 0
0 L—* syt N 0

)

L R@l

R®m — ROl ¢y RO

N R®"

Then
(M, B) — (L,a) — (N, 7))
— &((M, 8))E((L, @) *&((N,~))

= sin(emoBoey)si(eroa oep)su(en o oyt

. aLoaoezl 0 sLoofloEZl 0 1 0
Iy 0 eNoyoey 0 I,)\0 enyoyloey

= SH-n(Il—HL)
=1I.

1

Finally, @Q C kere. Therefore, there exists a unique homomorphism
£: K1 #(R) — KiR
[(P,a)] — sp(epoaoes!

Prof. K. HESS-BELLWALD 53



3.4. K-THEORY AS A HOMOLOGY THEORY OF RINGS

e It is not hard to show that § and £ are mutually inverse. So K,Z#(R) = K1R.

3.3.4 Proposition. K;.%(R) = K1 Z(R).

Proof. Exercise set 13. 0

3.4 K-Theory as a homology theory of rings
The idea here is to explore the analogies with homology theories of topological spaces.

3.4.1 Definition (Excision). Let R and R’ be two rings, and J C R and J' C R’ be two sided
ideals. An excision with respect to J and J' is a homomorphism ¢ : R — R’ that restricts and

. . . 4 =
corestricts to an isomorphism ¢|7 : J — J'.

3.4.2 Definition (Relative K-Theory groups). Consider the following pullback

D(R,J) =R XR/JR

R R/J
where D(R,J) = {(r1,72) € R? | q(r1) = q(r2)} is the double of R with respect to J. Then we
define the relative K-Theory groups :

KO(R7 J) = K0D<Ra J)
Ki(R,J) = K1D(R, J).

~—

3.4.3 Theorem (Excision). An excision ¢ : R — R’ with respact to J and J’ induces a isomor-
phisms

“Away from J and J’, the rings look the same”.

3.4.4 Theorem (Mayer—Vietoris). For every pair of ring homomorphisms R SNy A S, where
7 is surjective, there is an exact sequence

K, projp @K proj Ki¢p— Ky
Ki(R %7 8) i “K\R® K, S aE SUB

5/)
m Kop — Kom
Ko(R xp §) PR BROPIO)s b o eg — P00 T K0T

where R®@1 S = {(r,s) e Rx S| ¢(r) =7(s)}.
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3.4.5 Remark. The localization sequence extends to K7 : for all commutative ring R, VS C R
that does not contains 0 nor zero-divisors, there exists an exact sequence :

KiR

KiS7'R
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