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Chapter 1

Categorical prerequisites

In this whole project, the term “category” will be used to denote small categories,
that is, categories with a set of objects (rather that a class), and a set of morphisms
between any two objects.

1.1 Generators and relations

Free categories. Let G = (V,E,s,t) be an oriented multigraph, with V the set
of its vertices, E the set of its edges, s,¢ : E — V the source and target maps
respectively. The free category .# G generated by G is defined as follow :

obFG =V,
hom ZG = {w;---w, € EX? | t(w;) = s(wit1),V1 <i<n},

where compositions of morphisms are given by concatenation of words, and VA €
ob.%, the identity morphism 1 is the empty word.
If m : G — G’ is a graph homomorphism, then we can define a functor

Im: FG— FG
vi— m(v) Vvob.ZG,

Wi Wy —> m(wy) - -m(wy) Ywi -+ -wy, € hom.Z G,

which can easily be proven well defined. Thereby, .# : Yraph — %at is a functor,
and as expected from the denomination “free”, it is left adjoint to the forgetful
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2 CHAPTER 1. CATEGORICAL PREREQUISITES

functor U : €at — Yraph. In particular, we have a unique lifting property that
reads as follow :

where i is the obvious inclusion of multigraphs, and % any category.

Quotient categories. Let % be a category. A congruence relation ~ on € con-
sists in an equivalence relation ~4 z on [A,Bly, VA,B € ob¥, that is compatible
with composition, i.e. Vf, f' : A — B, Vg,g' : B— C, we have

foupf = gf ~acgf,
g~pc& = gf~acé'f

The quotient category €/ ~ is defined by
ob(%¢/~) =0b¥,
[A,B]g/: = [A,B]qg/ ™A B VA,B € ob¥%.
Quotient categories enjoy the following universal propery :

Theorem 1.1.1. Let € be a category, ~ a congruence relation on €, and F :
E — 9 be a functor such that F f = Fg, for all parallel arrows f ~ g in 6. Then
AF 1 €/ ~— D such that the following diagram commutes :

)
F
€/ ~,

where T is the obvious projection functor.

Every category ¥ is the quotient of a free category by an appropriate congru-
ence relation, which is called a definition by generator and relations of %. Indeed,
¢ = (ob%,hom%,dom,codom) can be seen as an oriented graph, from wich we
build the free category .#%. We define now a congruence relation ~ on .#% as
follow : VA,B € 0b.F €, Vv -+ vy, wi -+ w, € [A,B] z¢,

VI Vm ZAB WL Wy <= V1O -0V =W 0---0Wy.

Using the previous theorem, it is then clear that ¢’ = . %%/ ~.
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1.2 Enriched categories

Monoidal categories. A monoidal category .# is a classical category endowed
with a functor ® : A4 x . # — #, the tensor product, such that :

1. ® is associative up to natural isomorphimes, i.e. there exists a natural isomor-
phisma: (—1® —)®—3 — —1 ®(—2® —3) such that VA, B,C,D € ob .,
the following diagram commutes :

(A®B)®C)®D (A®B)® (C®D)
ao1|
(AR (B®C))®D a
a
A2 (BoC)oD) —% A0 (Bo (CoD)),

2. ® admits an objet I € ob.# as a left and right neutral element up to some
natural isomorphisms, i.e. there exists natural isomorphisms p : — @1 — 1,
A :1®— —> 1, such that VA, B € ob.#, the following diagram commutes :

o

(A®I)®B A®(I®B)
p®B\A A/A®k
A®B.

The category .# is said symmetric if there is a natural isomorphism 7: —; ® — =
—y ® —1. Itis strictly monoidal if the natural isomorphisms «, p and A are equali-
ties. It is strictly symmectric monoidal if it is symmetric, and 7 is the equality.

The actual definition. An enriched category & over . , or ./ -category, consists
in

1. aset ob& of objects,
2. VA,B € 0b&, an object [A,B]s € ob.Z,

3. VA,B,C € 0b&, amorphism o = o4 g ¢ : [B,Cls ® [A,Bls — [A,C]s thatis
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associative up to «, i.e. VD € ob &, the following diagram commutes :

(€. D) @ [B.Cl) 0 [A,Bls —— [B,D]gT[A,B]g
o [A’D](Ea
[C.D] @ ([B,Cle @ [A,Bls) — o [C,D]¢ @ [A,Cle.

4. VA € ob&, a morphism 1 : I — [A,A] s such that VB € ob &, the following

diagrams commute :

I®[A,Bls el [B,Bs ®[A,Bls
I
[A,B]g,

[A,Ble®1 [A,Ble ®[A,Al¢

Let &’ be another .# -category. An enriched functor, or .# -functor, F : & —
&', consists in
1. amap Fy : ob& — ob&”, and we’ll denote by FA = Fy(A), if A € ob &,
2. VA,B € ob&, a morphism F = Fy p : [A,B|s — [FA,FB]s in ./, that is
compatible with compositions and identities, i.e. such that YC € ob&’, the

following diagrams commute :

[B,C]g@[A,B]g [A,C](g
F®Fl JF
[FB,FC]g/@[FA,FB}g/ [FA,FC]éw,

1
/ \
F
[A,A] ¢ [FA,FB]g.
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Enriched approach to n-categories. Define a O-category to be a set, a O-functor
to be a set map, and denote Garg = .Let the category of all O-categories. Endowing
it with the cartesian product makes it into a strictly symmetric monoidal category,
where the neutral element is the singleton xg = {*}.

Assume now that €at,, is strictly symmetric monoidal, with tensor product x,,
and neutral element x,, and define a (n + 1)-category to be a category enriched
over %at,. Define %at,.| to be the category of all such categories and enriched
functors. Consider the obvious product X, : Gat,+ X Gat,+1 — Cat,+1, and

the (n+ 1)-category %, such that obx,; = {*}, and [, %], , = %,. The latter is

Fn+1
clearly a left and right neutral element for x,,, and thus %at, | can be made into
a strict symmetric monoidal category.

From there, we define by induction the category éat, of n-categories, Vn € N.

For convenience, we will loose the indices under x and *.

1.3 Double categories

A double category & consists in a horizontal category HZ and a vertical category
V 2 endowed with functors

d
o /\
H? xygyHY —— HY ~—i— V9,
N
¢
where HZ Xy 4 HZ is the following pullback :
HY ngH.@ HD
L e
HY — V9.

We define
o the objects of & as being the objects of VZ,
e the horizontal morphisms of & as being the objects of HZ,

e the vertical morphisms of Z as being the morphisms of V&,
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e the squares of & as being the morphisms of H %, which we’ll represent by

where f and g are horizontal arrows, @ : f — g, and j =d(a), k = c(a)
are vertical arrows.

We define horizontal and vertical (associative) composition of squares as follows :

S A LR
Jl a lk kl B lz — Jl () lz
oi>o 8

where (xy) = yox, and Y = yx is the composition of morphisms in HZ or V2,
y

depending on the context. Those laws admit the following horizontal and vertical
squares as neutral elements (or identity squares) :

b, .,
]l 1 lj ll 1 ll
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Finaly, if
[ ] [ [ ]
| | 5|
[ ] [ [ ]
BRI REE
[ ] [ o,
then the following interchange law holds : “ h = (aB) and we
Y) \8 (18)
write i '[53 .

If 2 and & are two double categories, then a double functor F : 9 — & con-
sists in two functors HF : H? — H& and VF : V% — V & that are compatible
with all compositions.
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Chapter 2

Simplicial sets

In this chapter, we introduce the notion of simplicial set, from which we’ll define
quasi-categories later. We also provide with important examples.

2.1 Definitions

Simplicial category. If n € N, denote by [n] the standard total ordered (n+ 1)-
element set {0,...,n}, and define the simplicial category , the small category of
all such sets, and (weakly) increasing maps between them. Some particular maps
require attention :

e the face maps d' : [n] — [n+ 1], where 0 < i < n+ 1 is the unique injective
map such that i € imd', i.e.

dO0—=1—=-=n)=0—-i-1—=itl---—=n+l,

e the degeneracy maps ' : [n] — [n— 1], where n >0, and 0 <i <n—1, is
the unique surjective map such that i is the image of two disctinct elements
of [n+1],

SO0—=1—-—=n)=0=-isi--—n—1.
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The following so-called cosimplicial identities give a description of the category
in terms of generator and relations :

did' =didi~! ifi<j

sidt = disI=! ifi<j
sidi = sigitl =1

sidi = d= s/ ifi>j+1
slst = slsit] ifi<j

Simplicial and cosimplicial objects. Let ¢ be a category. A simplicial object X
in ¢ is a functor X : °° — %, and we denote by s% the category of simplicial
% -objects, and natural transformations between them.

We note X, = X[n], and if @ : [n] — [m]in , Xo =Xa : X,, — X,,. We also
allow the following notations : d; = Xd': Xnr1 —> Xy, and s; = Xst: X, — Xnt1-
Here are some diagrams :

e in

d()
—

d° 0
H F

d° 50 d!

0 d! st

0] & [1] L5 [2] & 3],
d' st d?
— — —
d? §2
H (_
d3
—
e in%:

o

do S0

d N d
T e -

RY S

Xo % X X 5 Xy
d N d.
d

) 52

d3
<_

A cosimplicial ¢’-object Y is a functor Y : — %, and we denote by ¢% the
category of cosimplicial ¢’-objects, and natural transformations between them. We
allow similar abuses of notation used with simplicial objects.
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The actual definition. Without surprise, a simplicial set X is a simplicial .%et-
object, that is, a functor X : °P — Fer. A n-simplex of X is an element of Xj,.
A simplicial subset of X is a simplicial set Y € obs.Zet such that Vn € N, Y,, C X,
and such that the inclusion maps define a natural transformation X — Y, i.e. a
map in s.7et.

The 1-dimensional face maps dy,d; : X; — Xp induce an oriented multigraph
which we’ll note by X|5.

2.2 Standard n-simplex

2.2.1 Definition

The standard n-simplex is the simplicial set Ajn] = [—,[n]] = y[n], where y is the
Yoneda embedding'. Remark that the Yoneda lemma implies that for all simplicial
set X € obs.Zet, the following (set) map is an isomorphism

[A[n]aX]sYet —>Xn
¢ — Ou(1y)-
Let0<ap <...<ar <n,and define
lao,- .. ax] : [k] — [n]
k — a,

i.e. the unique application [k] — [n],k — ay. For instance, take n = 2. Then

e A[2]p=[[0],]2]] can be imagined as :

e A[2]; =[[1],]2]] can be imagined as :

[o]
[0, 1] [0,2]

[0 1 R 1

IA=y: —— s.P%t is then a cosimplicial simplicial set !
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here, we ignored degenerate maps, i.e. non injective, as they can be imagined
as lines with the same ends, for instance [[0,0]] = so([[0]) is identified with

[o] 5
A2], =[[2],[2]] can be imagined as :

[0]

[0, 1] [0,2]

[0 1 P 3

if m > 3, A[2],, consist only in degenerate maps, and may be imagined as
a m-dimentional tetrahedron squashed by its vertices into a 2-dimentional
tetrahedron (a triangle) ;

here is an example of face map :

d() : A[Z]z — A[2]1
[a,b,c] — [b,c],

and so

—
[1,2],
more generaly, if m > 1,0 <i <m+1, then
d,' . A[l’l]m — A[Ifl]m,I
lao,- .. am] — [ao,...,ai—1,ait1,- .. ,am];

here is an example of degeneracy map :
S1 A[Z]l — A[Z]z
la,b]} — [a,b,b],
and so for instance, [[1,2] is mapped to the degenerate? 2-simplex [[1,1,2]]

— [1,1,2],

> —

[1.2]

somewhat “smashed”
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and more generaly, if m > 0, 0 <i < m, then

sit Aln)y — Alnmtr

lao,- .. am] — [ao, ..., ai,ai,ait1,-. .. am] .

2.2.2 Simplicial subsets of A[n]

Boudaries. Letn > 1. Then the boundary of Aln] is the smallest simplicial set
dA[n] € obsZet such that {d;([[0,...,n]) = di(1,)) | 0 <i < n} C IA[n],—1. In
other words :

Al = Aln]; if j <n,
7] it. degens. of elems. of A[n],,VO<k<n—1 ifj>n.

More precisely, “iterated degeneracies of elements of A[n]i, VO < k <n— 1” stands
for the set

n—1

JdA[n]; = U {$i, i Sip(x) | x € Aln],0 < iy <I+1}.
k=0

Here is a little intuition : we start at level (n — 1) (i.e. at Aln],—;) with the faces of
the only non degenerate n-simplex 1y, = [0,...,n] € A[n],, i.e. (n—1)-simplices
of the form [0,...,7,...,n]. From that, we generate the smallest simplicial set
possible, that is dA[n]. In a first time, we go down, applying face maps repetedly.
We then go up back to dA[n|,_; applying degeneracies repededly, and from here,
we can already notice that the levels lower than, and at (n— 1) of A[n] and dA[n]| are
equal. We then go up to infinity from dA[n],_;, applying degeneracies repetedly.
One might wonder what would happen if we decided to do down, back to level
(n— 1) again, applying face maps. Nothing actually, as face maps are inverse to
some degeneracy map, that has been used previously. So we add no more simplex
by going down from above level (n — 1), and we finish the job by endlessly going
up.
One can find the following explicit definition :

IAn); ={f:[jl—n]|3g: [/l —[n—1],30<i<n,f=dg}.

Horns. Another important simplicial subset of A[n] is the k-th horn A¥[n], where
0 <k < n+1, which is generated exactly as dA[n], except that A¥[n],_; doesn’t
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contain di(1y,) = [0,... .k, ...,n]). For instance, A°[2]; can be seen as

[0] [0]

[0,1] [0,2]

=)
o
=)
D
N

(1] [2] o2 2

A horn A¥[n] is said inner if 0 < k < n. In a similar fashion as with dA[n], we
obtain the following explicit definition :

A ={f:[]]l—n|3g:[j] —[n—1,30<i<ni#k f=dg}.



Chapter 3

Homotopical category

This chapter is about the adjunction # 4 N between the homocopical category func-
tor and the nerve functor, which provides a link between simplicial sets and cate-
gories.

3.1 Nerve of a category

We can see every object [n] € ob as a (small) category, whose morphisms and
composition are induced by the natural ordering, and consider the face maps and
degeneracies as functors (recall that they are incresing maps). This gives rise to a
subcategory of @at that is isomorphic to . Let ¢ € ob%at, and define its nerve as
the simplicial set N¢ = [—,€|gu| : °° —> FLet. In other words, a n-simplex of
N is a chain of composable arrows

o Q [0
x=Cy—=C] — -+ —5C,.

If 0 < i < n, the i-th face d;(x) € N6, of x is defined by :

c ... 5, ifi=0,
i1 0 n . .
di(x)={ Co-2s - -Coy ' Cry - 2, if1<i<n—1,
Oy — e
Co5¢ -2 ... 24 ¢, ifi =n.

and if 0 < i < n+ 1, the i-th degeneracy s;(x) € N6+ of x is :

si)=Co 25 -G -5 G- 5 C

15
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Remark that in particular, N6y = ob%’, and N¢| = hom%.
If F:% — 2 is afunctor, we can define maps NF, : N6, — N%, by

NFn<Coﬂ>C1&>---ﬂ>Cn> —FCy ™ ey P4 EM e,

Moreover, those maps are compatible with the face maps and the degeneracy maps,
and therefore, we have a simplicial map NF : N¢ — NZ, and a functor N :
Cat — s Set, called the nerve functor.

3.2 Homotopicial category

The nerve functor N : ¥at — .Yet admits a left adjoint & : s.et — €at which
we define now. Take X € obs.”er a simplicial set, and consider the free category
F = F(X|). If A,B € ob.Z, we define a relation on [A, B] # as follow : Vba,c :

A —> B(where A - C b, Bfor some object C), ba ~ c if and only if there exists
a 2-simplex a € X, of the form

C.

Let ~ be the congruence relation on .% generated by ~, and define hX = .% / ~,
the homotopical category of X. If f: X — Y is a simplicial map, then define the
functor Af : hX — hY to be

(hf)op = fo : 0bhX = Xo —> obhY =Y,
(hf)hom : homhX — homhY
X~ x — [f1(xX)]~y-

The second map is well defined. Indeed, f : X — Y is a simplicial map, and so
2-simplices are mapped as follow :

In particular, ba ~ ¢ = f1(b) fi(a) ~ fi(c), Va,b,c € X;, and so f; : X; — Y} is
compatible with ~, and therefore with the congruence relation ~. Hence, we have
a well defined functor hf : hX — hY.
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Lemma 3.2.1. Let X € obs.%et be a simplicial set, € € ob%at be a category, and
f:X — NE. ThenVn € N, f is uniquely determined by f, : X, — NG,.

Proof. e We first show that f is uniquely determined by fj. Remark that
fo(x) = dofiso(x), and so fp is uniquely determined. Next, remark that if
x € Xy, then

fk(x) = (Co &Cl ﬂ) i)Ck>,
where, letting y; = di 'di1 -~ di(x),

o= filyi), 1<i<k
Co=di(n)
Ci:do(}’i) O0<i<k.

Intuitively, applying di+ - - - dy and dé_] on x € X; “crops” the last n — i and
first i — 1 1-simplices, so that only the i-th remains. The C;s are obtained
symply by applying one more face map (domain or codomain) on the y;s.
Setting y; = do---dj_odiy1---dp = do---di_1d; - -di(x) is also correct, and
crops from right to left, sparing the i-th simplex.

e Using the same “cropping” argument, we can recover f] starting from f;, for
any n > 1.
O

Lemma 3.2.2. Let X and € be as before. Then any graph map (f1, fo) : X|» —
N |y such that Vx € Xa, fidi(x) = (fido(x))(fi1d2(x)), induce a uniquely deter-
mined simplicial map f : X — NE.

Proof. For n € N, define f, as before. To check that those maps induce a natural
transformation f : X — N, it is sufficent to see that it preserves the face maps
and the degeneracies.

e Face maps. Let n > 2. It is clear that f,, and f,,_| are compatible with dy and
dyi1. Let 1 <i<n,and B € X, be such that d, 'd;;1 -+ d,(B) = 0. On the
one hand we have

Jo—1di(B)

= <fo(C0) filey) - fo(Ci1) i) fo(Ciy1) - filey) fO(Cn)> ,
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and on the other hand we have
dtfn(B)
—d, <f0(Co) ALY fo(Cn)>

(MQﬂm folCror) O - @ﬂm<0.

Remark that y = dé_ldi+2 --dyB € X, is as follow :

and by assuptions, fi(a') = fi(ti+1)f1(0).
e Degeneracies. Letn > 2,0 < i <n, and f € X, be as before. Then

Sor15:(B)

=@@ﬂwmmﬂwmmwﬁﬁm>

ay)

:<MQﬂ¥~ﬁmwﬂ9mwm@@m@Q

<fo(C0) filey) . iley fo(Cn)>
= Sifn(ﬁ)'

Theorem 3.2.3. We have an adjunction h 4 N.

Proof. We use the hom-set caracterisation of adjunctions. Let X € obs.”et, and
¢ € ob%at. Define Hy,, to be the set of functors F : .ZX|, — € such that for
all 2-simplex x € X, we have F (da(x)dy(x)) = Fd,(x). Define Hy,, to be the set
of maps f; : X; — N% such that Vx € X, we have fid,(x) = fido(x)fid2(x).
Consider the chain bijections

[hX 5 cg] Cat H‘ﬁat H?”ét [X 5 N cg] s.Let

where the first two are obviously defined, and the last one is defined using the
previous two lemmas. Remark that they all are natural bijections in X and %, and
S0 is their composite. O
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Lemma 3.2.4. We have hN = 1. Consequently, h is surjective and full, and N is
an embedding.

Proof. Let % € ob%at. Recall the process that constructs the homotopical category
of N&. We first consider the free category spanned by the underlying graph of ¢
: F = .7 (hom% = ob%), which we then quotient by a congruence relation. But
one can check that a morphism my - - -my in %, i.e. a word of morphisms of % with
matching codomains and domains from a letter to the next, is precisely identified
with the composite in € of the letters : my - - -m ~ myo---om,. Therefore, INC =
%. Next, it can be seen from the definition that ANF = F, for all functor F €
hom%at. Thereby, hN = 1. O
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Chapter 4

Quasi-categories

We now define the notion of quasi category, and provide a different construction
for the homotopical category of a quasi category. From here, the nerve functor N
will prove to be a 2-embedding ar — g%at», i.e. that quasi categories is indeed
a generalisation of categories.

4.1 Definition

A simplicial set X € obs.%et is a quasi-category if it has the right (not necessarily
unique) lifting property with respect to all inner horn inclusion A*[n] — A[n],
Vn>2,1.e.

Denote by g%at the full subcategory of s.”et spanned by quasi-categories.

4.2 A new look at the adjunction 4 - N

Nerve. The functor 4 admits a much simplier description if restricted to g%at,
which we’ll make explicit later. We first show that the nerve functor N corestricts
to a functor N : Gat — q%at.

21
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Lemma 4.2.1. Let € € ob%6at be a category. Then its nerve N€ is a quasi-
category. Moreover, the lift is unique.

Proof. Letn>2,1<k<n—1,and f: A¥[n] — N% be a simplicial map. Then
there exists Cy,...,C, € 0b %, a; : C;_; —> C; such that

Jam1(di(11)

2. 2, ifi =0,
[24] Qi1 Qi Oy . . .
=¢ Co—Ciy — Ciy1--—C, if1<i<n-—1,i#k,
o, P
Co- 20 -2 ey if i = n.

Define f : A[n] — N% by extending f in the following way :
Fullp) = (CO LN cn) _

It is well defined, and thus N% is a quasi-category. If /' is another extension of f,
then for 1 < i <n we have f;(dy - -cfi_lcfi'--dn(l[n])) =0y :fl’(d()‘--d;_lcf,- edn (1))
which implies f,, = f/, and so f = f’, by lemma 3.2.2. O
Homotopicial category. If X € obg%uat, we define a category /X as follow.

e 0biX = Xj.

e Vx,y € obiX, denote by H(x,y) = {f € X1 | dof = y,d\f = x}, define an
equivalence relation on H(x,y) by f~g if and only if Ja € X, such that
doot = f, dio = g, drot = spx, 1.e.

8

and define define [x,y];y = H(x,y)/~. We have to check that = is indeed an
equivalence relation.

— Reflexivity. Take f € H(x,y), and consider s f :
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— Symmetry. Take f,g € H(x,y) such that f~g. Consider o € X, the
simplex that gives f~g (defined above), and sgsox :

SoX.

There is a well defined simplicial map

¢ A2[3] —
[1,2,3]) = do(1})) —
[0,2,3] = di (1) — so.f
[0,1,2]] = d3(1,)) — sosox,

which lifts trough A[3]. Remark that f = ¢ ([0, 1,3]]) is as follow :

SoX 8

I

and so g=~f.

— Transitivity. Lete, f, g € H(x,y) be such that e~ f~g, and let o, € X
be the associated 2-simplicies respectively. As before, there is a well
defined simplicial map

¢9:A'[3] —
[1,2,3]) = do(1})) —
[0,1,3] = da(1})) — l3
[[03 1’2” d3( ) = S050X,

which lifts trough A[3]. We have that y = ¢([[0,2,3]]) is as follow :

50X e

&
and so e~g.

e If x € ob/X, the identity morphism is given by [sox],
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o Ife, f,g € X), then [f]<[e]~ = [g]~ if and only if o € X; such that dyor = e,
dia=g,anddror = f, i.e.

If f: X — Y is a simplicial map, we can define a functor /1f : hX — hY is a very
similar way that with 4. We then have a functor i : g6at — %at.

Adjunction. In a very similar way than with the “classical” homotopical cate-
gory functor 4, we show that we have an adjunction 42 - N : g€at = %at. Conse-
quently, we have the following result :

Proposition 4.2.2. There is a natural isomorphism h = h : ¢q€at — Cat.
Proof. We have isomorphisms
(h—1,—2)%a = [—1,N—2]g6a = [h—1, —2)6u

that are natural in both —; and —,. By the Yoneda lemma, 4 = /i naturally. O

4.3 The 2-category of quasi-categories

Lemma 4.3.1. The functor h : s.%et — €at is monoidal.

Proof. LetX,Y € obs.”et be two simplicial sets, we show that h(X xY) = hX x hY
using the universal property of the product. First of all, we can endow h(X x Y)
with the obvious projection maps. Let € € ob%at be a category, and F : € — hX,
F': ¢ — hY be two functors. Define

G:¢ — h(XxY)
C+—— (FC,F'C)
f—> (0, 50doBm) - - - (00, 50doBm) (Sod1 00, Bm) - - - (S0d1 €, Po) |~ xx ¥,

where F f = [0, - -- 0]~ x and F' f = [By - - - Bo]~y. We check that G is well defined
for ~. Suppose that &’ € X; is such that Qjr0~ o, for some 0 < j < n, and let
H € X; be the associated 2-simplex. Remark that (H,sosodBn) € (X X Y), is of
the following form :
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(@, sodi Bm) (Qjt1,50d1Bm)
(05/780611[3;11)7

and hence (Qj1,50d1Bm)(Q},50d1Bm) ~ (&', 50d1Bm). It comes that G is compati-
ble with ~ in its first variable. The same reasoning goes for the second, and as ~
are generated by ~, it results that G is well defined. Clearly, it commutes with the
projection maps. To see that it is unique on the gound of objects is trivial. Suppose
that G’ : € — h(X x Y) is another functor that commutes with the projections.
Let f € hom%, and (¥, ) - (%,00)] = G'f. Remark that

[(s0d0Y0, 6k) - - - (s0do Yo, B0)] [(Y>Sod16x) -+ (Y0, 50d10% )]

(%> 6k) -+~ (W, 00)]
= [(%, ) -+ (10, 60)]-

Hence, G’ can we written in the same way than G, making the two necessarily
equal. 0

We show that s.%et is cartesian closed.
e It is easy to see that A[0] is terminal.

e We can define a product in s.%et using the product in .%et pointwise, i.e. if
X,Y € obs.Zet, then (X xY), =X, xY,, and the faces and degeneracies are
given by functoriality of X in .Zet.

e If X,Y € obs.7et, we define the internal hom as (Y*X), = [X x A[n],Y]; v,
where the face maps are given by

di= (1 xd)* : [X xAn],Y]sve — [X x Aln—1],Y]s.7,

whered. : Aln—1]=[—,[n—1]] — An] =[—,[n]] is the postcomposition
by d': [n— 1] — [n], and the degeneracies s; are defined similarily.

Theorem 4.3.2. The simplicial set YX defined above is indeed an exponential ob-
ject.
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Proof. Take A,B,C € obs.%et. We show that [A,CP), o, = [A X B,C|; 7. Take
f: A — C® asimplicial map. We have maps f,, : A, — [B x A[n],C]. Define

fu:(AxB),=A,xB, — C,
((X,ﬁ) 'an(a)n(ﬁ>l[n])

We show that the f, induce a simplicial map f : A x B — C. Suppose n > 1, take
0<i<n+1,and (c,B) € (A X B),. Then

fa-1(diot,diB) = fu1(dict)n—1(diBB, L))
= (1 db)* fu(@))n-1(diB, 1))
= fn(a)nfl(diﬁadil[n—l})
= fa(@)n-1(dif3,di1}))
= difn(a)n(ﬁy 1[n]>'

Using a similar reasonning for the degeneracies s;, we obtain that / : A x B — C
is indeed a implicial map. Take now g : A x B — C, and define

g’(a,n)k:kaA[n]k—>Ck fora € A,

(B,6) — g(Asa, B),
gn CAp— [B X A[”LC]sYet
a— g'(a,n).
Then the (=) and the (—) constructions are mutually inverse, which show that the
&n give rise to a well defined simplicial map g, and that [A, C5); v = [A X B, Cls.5e;.
O

Denote by g%at.. the category g6at seen as a s.”et-enriched category, and by
q%at, = h.q%at.. the category g6at.. seen as a Gat-enriched category (i.e. a 2-
category) trough the functor 4. Also, denote by Gat, = N€at the full subcategory
of g%at, spanned by nerves of categories.

Lemma 4.3.3. Let X,Y10bg%at. Then the simplicial hom YX is a quasi category.

Proof. This proof requiers knowledge about model categories, and can be found in
[2]. O

Theorem 4.3.4. The category q%at, is cartesian closed as a 2-category.

Proof. e The above terminal simplicial set A[0] is a quasi-category, as the only
map A*[n] — A[0] with 0 < k < n lifts trough A¥[n] — A[n] (in a unique
way moreover). It is a 2-categorical terminal object, as VX € obg%at,, we
have [X,A[0]]),4a, = h[X,A[0]]s.7 = hA[0] = 1, the terminal category.
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e We show that the product of two quasi-categories X|,X, € obg%at, is a
quasi-category. Take f : AK[n] — X| x X», where 0 < k < n, and consider
proj; f : AK[n] — X;. We have a lift g; : A[n] — X; of proj, f trough the
inclusion t : A¥[n] — A[n]. By the universal property of the product, we
have a map g = (g1,82) : Aln] — X x X, such that f = g1. Moreover, the
product x from s.”et is a 2-categrical product, as VY € obg%ar,

Y, X1 X Xo]g@ar, = h[Y, X1 X X255
= h([nyl]sYet X [Y;XZ}sYet)
= h[Y, X150 X h[Y, X257 as h is monoidal

= [val]q%”atz X [YaXZ}q%atz'

e LetY,Z € obg%at,, and define the internal hom as 7Y | the same as defined
above. It is a 2-categorical exponential object, as VX € obg%at, we have

[XaZY]q‘é’atz = h[X’ZY]sYet
= h[X X Y,Z}sye,
=[X x Y,Z]qgmz.

Lemma 4.3.5. There is a natural isomorphism :
[—1,N—2]sye, = N[h_17_2]iﬁat 5.7t X Cat — s Fet.
Proof. Take X € obs.”et. We have adjunctions

- xX h —xhX
SN TN TN
sSet 1 sSet |1 CGat | Cat.

A O Y
[X ) _]SVEI N [hX ) _](efat
Recall that & preserve products. Hence
[X,N—]sser - h(— x X) 2 h— xhX AN[hX,—],
and so [—1,N—2];.7e = N[h—1,—2] naturally as required. d
Proposition 4.3.6. We have Gat = Cat, as 2-categories.

Proof. We already know that N is an embedding, and so Gat = %ar, as categories.
Recall that AN = 1. Let ¢, 2 € ob%at. Then by previous result, N[€, D¢y =
[NC,ND];7e in s.%et. Applying h gives us the required isomorphism of hom-
categories (6, D) gu = [NC ,ND|y4at, = [NC ;NP s, - O
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Chapter 5

Adjunctions

This chapter brings the central notion of adjunctions to g%at, using 2-categories
and double categories. We moreover give a characterisation in term of absolute
right lifting diagram.

5.1 Definition

Let 27 be a 2-category, A, B € ob.#". An adjunction in J% consists in two antipar-
allel 1-cells f: A = B : u, and two 2-cells ) : 1 —> uf, € : fu — 1 such that the
following triangle identities holds :

f 1 fooow 1 u
m\ /ef nkAfA
ufu,

fuf,

or, in term of pasting diagrams,

f
A A
\“V \f N A7 b B
f uo de N
B B, f
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A ; A u
u = VR
/fo M'% B U1, A
B B,

We then note f 4 u: A — B by omitting 1] and €. We can compose adjunctions in
the following way : if A S g I ¢ , then define f'f Huu’ : A — C by

A A

., C
™~ bn 7 RN
B—1B

B—B " f

A A.

Together with the obvious identity adjunction 1,1:1-41:A — A, we obtain a
category -#5 whose objects are those of .2, and morphisms are adjunctions in % .

Proposition 5.1.1. Let % and £ be two 2-categories, and F : # — £ be
a 2-functor. Then an adjunction n,€ : f Hu in K gives rise to an adjunction
Fn,Fe:Ff-AFuin.%. Hence, we have a functor F_ : - — 4.

Proof. This can be verified by applying F on the triangle identities of 17, € : f - u.
O

Lemma 5.1.2. Let f Hu:A — Band f' Hu' : A' — B’ be two adjunctions, and
a:A— A, b:B— B be two morphisms. We have a bijection [au,u'b]j, g =
[f'a,bf]iap-

A A

flAu Xf o

Bl

Proof. If A : au — u'b, define ®(A) as

A A a A E
u/
S e
B ; B B,
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and if U : f'a — bf, define ¥(u) as

A - a Al Al
u n
/ Us\ du X 4
B B p B,

Using the hypothesis of adjunctions f - u and f' - u/, we obtain that ® and ¥ are
mutually inverse. O

If X € au,u'b]jy ) and p € [f'a,bf]js g are such that d(A) = pu (or equiv-
alently A = W(u)), then those 2-cells are said mates under the adjunctions f - u
and f' 4 u'. Define the double category .#] as H. %] = ¢, V¥ = ., and hav-
ing as squares the 2-cells of the form A : au — u'b, using the previous notations.
Define %, the same way, except that the squares are given by 2-cells of the form

u:fla— bf.

Lemma 5.1.3. By extending the definition of ® and ¥ to any pair of adjunction
connected by an adequate pair of morphisms, we obtain two double functors P :
= K5 oW that are mutually inverse.

Proof. We already know that ® and W are identities on the objects, vertical and
horizontal morphisms, and mutually inverse on squares. Clearly, they preserve all
kind of identities. It remains to show that they are compatible with compositions. It
is sufficient to show it for ®. The vertical composition are preserved by definition

()
.\o o o/. o ./Il‘%.
N A R LR

_ (%)
o))’

whereas horizontal composition are as well, by definition of an adjunction :

of compositions on 7 :

(P(u) (u) =
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o e Sa

_ .\i.wp/. b 7y 7 llu’./l.i~%\.

O]

Theorem 5.1.4. Left and right adjoints are unique up to isomorphism, should they
exist.

Proof. Suppose f <uand f' — u. Let the mates of
1

J

e —> @

1

under the adjunctions f < u and f' - u be respectively

1 1
fl u lf’ f’l g Jf
.?.7 .41>..

Then W((u u')) = (P(u)¥(u')) = (1,1,) = 1,, and so (up') = 15 as ¥ is an
isomorphism % —» J#;. Similarily, (' 1) =1, and so f = f'. The unicity of
right adjoints is obtained in a very similar way. O

5.2 Absolute right lifting

Let # be a 2-category. An absolute right lifting diagram is a 2-cell A : fl — g
such that Vy : fa — gb, 3!} : @ — Ib such that

Ja——— b

I

fib,
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or, in term of parting diagrams :

a

X A
IE]
x—2-4 ) , 1/ P
bl b Jf - A
B 2 C B 2 C.

Theorem 5.2.1. Let € : fu — 1 be a 2-cell. Then it is an absolute right lifting
diagram if and only if it is the counit of an adjunction f - u.

Proof. e Suppose that € is an absolute right lifting. Define n =1 :

A—— A
A A B , U”u/ ;
s S

B B B——B.

The first triangle identity is already verified. Consider

B A

lL1/‘ B—" A
u i

S e

B——8B

By the uniqueness of the lift, the second triangular identity is verified.

e Suppose that we have an adjunction 1,€ : f 4 u, and let take X € ob.#,
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a:X — A,and b: X — B. Define I': [fa,b] = [a,ub] : Y by

x 2.4 x—2 .4
: bl Ux lf — bl Ux lfnx
B B B B—— A,
X a A
'z
X _a A b i/ f
Y: bl xllu — / Le
B B———B.

By the triangle identities, we have that I" and Y are mutually inverse. Hence,
any 2-cell x as above admit a unique right lift I'()x) trough €.
O]



Chapter 6

Limits

Recall that VA € obs.Zet, we have an adjunction A x — 4 (—)A. If B € obs.7et,
denote by ¢ : B— B the map associated to the projection 7 : A x B— B in the
hom-set natural isomorphism [A x B, B] = [B, BA].

Remark that A[0] is a terminal object in s.%er. Hence it is a quasi category, and
a neutral element for the product. In a similar manner as before, we obtain natural
isomorphisms [J, X],zar = [A[0], X7];.77:, Wwhere J,X € obg@at. If f : J — X, we
identify it with it associated morphism f : A[0] — X7,

Letd : J — X be a diagram (i.e. a morphism). An element / : A[0] — X is a
limit of d if there is an absolute right lifting diagram as follows :

Proposition 6.0.2. Limits are unique up to isomorphism, should they exist.

Proof. If m: A]J0] — X is another limit of d, with absolute right lifting u, then

35
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there exists a 2-cell fi such that

ol o |

A0] ——— x A[0]

Similarily, there exists a 2-cell A which factors A through p. By the universal
property of the absolute right lifting, we have that A and ji are mutually inverse,
which shows that [ = m. ]

More generally, let k : K — X” be a morphism. We say that X admits all limits
of the family of diagrams k if there exists an absolute right lifting

K

Proposition 6.0.3. The quasi category X admits all limits of the family of diagrams
k if and only if every diagram d : A[0] — X’ that factors trough k admit a limit.

Proof. See proposition 5.2.10 p. 59 in [2]. U

Corollary 6.0.4. If all diagram d : A[0] — X, admit a limit, then we have an
adjunction ¢ 41lim : X — X”.

Proof. Consider the family of diagrams 1 : X/ — X/. By assumption and the
previous result, X admits all limits of 1, i.e. we have an absolute right lifting

X
lim l c
JA
X’ X7,
Therefore, by theorem 5.2.1, ¢ 4 lim. O

Lemma 6.0.5. Letn,€: f du:Y — X be an adjunction. By proposition 5.1.1 and
the fact that (—)” as a 2-functor, we have an adjunction M, &, : fi S, : Y) — A,
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We claim that the following 2-cells are equal :

Y x4 .y Y Y
cl lc = cl m lc
Yy’ X/ Yy’ Y’ x/ Y’

f* U f* Uy

Proof. Recall that 1, : 1 — (uf), is such that (1), = n1;, V¢ € Y’. The above 2-
cell equality can be stated with a commutative diagram :

cn

c

cuf

c e, (uf)«c.

Take y € Y, a simplex of arbitrary dimension. Then we have

(en)y=cn
(y) — c(uf ()
H (n*c)y = (n*)c(y) =1 1c(y) ‘
c(y) ufe(y),
which commutes, for all y. O

Theorem 6.0.6. Right adjoints preserve limits. More explicitely, let f Hu:Y — X
be an adjunction, and consider the following limit :

X
lim
c

0|
X7,

K

Then the following 2-cell is an absolute right lifting :

X Y

“y |- |e
LA

K X/ Y’

k e 6.1)
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Proof. Start with a two cell

usk
and consider
A ! v . x ;
t
I 2 x
K p X! —— v/ X/ = J Ix' l
) | & ) X/,

By the universal property of the absolute right lifting, we have a unique 2-cell y’ :

t
A 4 X
ve
lim
A
K X7,
k
which we extend into
f/m
AT Ly x— " Ly
o
lim
T »
K X’ - Y7,
k * 6.2)

A Y X Y
TR S
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A Y Y
N
- K X Y’ X/ X
A—1 Ly
= |
K Y’
usk

Conversey, start with a lift

t
A 4 Y
A ! Y U?_ /
_ lim
l Jx l = / A
— Y/, K Y.
Uik uk

Then remark that

K
is a lift of
t
A 4 X
w@m j
K X/,

One could show that the two constructions shown above are inverse to each other,

and so the lift in diagram 6.2 is unique. It follows diagram 6.1 is an absolute right
lifting. O
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